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Annoraumsa. Meron HukudopoBa — YBapoBa — MpoCTOH, HO 3J€TaHTHBIM U MOIIHBIN
MeTon perieHus nudQepeHnanbHpIX YpaBHEHUH BTOPOTO TOpsiKa 0000IIEHHOTO THITep-
F€OMETPUYECKOTO TUIA. B MpoIuioM oH UCIONIb30BAJICS JIJIsl PEUICHUs MHOTUX 3aja4 KBaH-
TOBOI MEXaHHMKHU U APYTux obmacteil. Mbl mpuMeHsieM 3TOT METOJ] K KJIAaCCUYECKON 3a7aue
0 BOJOPOJIONOJOOHBIX aTOMaxX B MPOCTPAHCTBAX IMOCTOSHHOM KpuBH3HBI. Kak crexkTpbl
ATHX aTOMOB, TaK W MX BOJHOBBIC ()YHKIIMH, BKIFOYasi HOPMHUPOBKY, CPAaBHUTEIHHO JIETKO
MIOJIy4arOTCsl.

KurroueBble ¢cjioBa: 3JIEMEHTAPHBIE aTOMBI, TPOCTPAHCTBA MTOCTOSIHHON KPUBHU3HBI, CBSI3aH-
HbIe cocTtossHus, MmeToa HukudopoBa — YBaposa

Beenenne. IIpocTpancTBa MOCTOSAHHOW KPUBU3HBI MPEIOCTABISIIOT MPOCTEUIINI
VCKpPUBIICHHbI ()OH, Ha KOTOPOM MOKHO H3y4aThb TEOPETUUYECKHE MPOOJIEMBI
Y BOIIPOCHI, CBA3aHHBIE C KBAHTOBOI MEXaHUKOW B HCKPHUBJIEHHBIX ITPOCTPAHCTBAX,
U TOATOMY TaKH€ MCCIEA0BAaHUS IPEACTABISAIOT 3HAUMTENIbHBIM TEOpEeTUUECKUIl
uHTepec. OIHaKO OHU MPEJCTABISAIOT HE TOIBKO akajieMuueckuili uarepec. D dek-
THBHAsl KPUBU3HA MPOCTPAHCTBA BO3HUKAET B PAJE PEATbHBIX (DU3UUECKUX CUTYa-
1ui. M3yuenne qBMKEHNS KBAHTOBOM YaCTHUIIBI IO IBYMEPHOM MOBEPXHOCTH B (hu-
3UKE€ KOHJICHCUPOBAHHOIO COCTOSIHMS, a TakKKe€ H3y4YEHHE KBAHTOBBIX TOYEK
NPUBEIO K MCHOJB30BAHUIO MOJIENIEH, OCHOBAaHHBIX Ha KBAaHTOBOM MEXaHUKE
B MPOCTPAHCTBAX MOCTOSIHHON KpUBH3HBI [1].

B nuteparype mmeeTcss MHOXKECTBO JIPYTHX IPUMEPOB HCIIOJIB30BAaHUS IPO-
CTPAHCTB IOCTOSSHHOW KPHMBM3HBI B Pa3jIMUYHBIX 00JacTsIX: OT (PU3UKH aTOMOB U
HaHOTPYOOK 70 XUPAJIBHOIO U AEKOH(AWHMEHTHOTO (Pa30BOro mepexoa B MOJIEIU
Ham0y — Mona — Jlasuuuo, cumMeTpuit anreopsl W Teopun CTpyH U KBA3UTOYHO
pelaeMbIX MOJIENIEH, a TaKXKe CYNEPUHTErPUPYEMOCTH B paMKax CyNepCUMMETPUU
(cm., mampumep, [1-3]).

Uro kacaercs aroma Bogopoxa B S°, IlIpexuurep 3assun [4], uto on Hamen
poOJIeMy «TPYIHOU ISl perIeHus JIFOOBIM IPYTUM CIIOCOOOM», OTIIMYHBIM OT €T0
meToza Qakropusanuu. Ho romom mozke CTHBEHCOH MOKasai [5], 4ro crektp u
BOJIHOBasi (PYHKIMSI MOTYT OBITh MOJYy4YeHbI 0€3 0COOBIX TPYAHOCTEW OOBIYHBIMU
MeTo/aMu pemeHus auddepeHunanbHbX ypaBHeHuid. Emie 6onee mpocToe perie-
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HHe 115 BOXOPOROI0a06H0ro atoma B S° n H® Morker GbITh moTydeHo ¢ Heromb3o-
BanreM Meroaa Hukudoposa — YBaposa [6], 4To MBI B XOTHM IIPOJAEMOHCTPUPO-
BaTh. Y AUBUTEIILHO, HO B OOIIMPHON JINTEpAType MO 3TOM TeME MbI MOKa HAILIU
TOJIKO OJIHY CTaThbio [7], rjie 3TOT METO yIIOMUHAETCS B CBA3HM C 3TOM MpoOIIEMOi,
HO, 10 HaIlIeMy MHEHHIO, OH HUCIOJIb3YETCS HE CaMbIM ONTHMAJIbHBIM 00pa3oM.

MeToabl H MaTepHaJibl; pe3yabTarhbl. JJuddeperinanbubie ypaBHEHUS BTO-
poro mopsiika 0000IIEHHOTO THIIEPTEOMETPUISCKOTO THITA, UMEIOIIUE CIICAYFOIINAN
BUJI:

u'+ By +J—;u =0,
(2 o
MOJKHO PEIIUTh ¢ ToMOIIbI0 MeToaa Hukndopoa — YBaposa. 3meck mTpux 000-
3HavaeT auddepeHIMpoBaHne M0 HE3aBUCHMOM MEPEMEHHONW Z (KOTOpas MOXeT
OBITh KOMIUIEKCHOM); 0(z) u 0 (Z)ABIsSIOTCS MHOTOYIEHAMH HE BBIIIE BTOPOM
CTeTeHH, a T, (Z) ABJIAETCA MHOTOYIEHOM HE BBIIIE IIEPBOM CTEMEHH.

MHorue 3a/1aui KBAaHTOBOM MEXaHUKH MOTYT MPUBOIUTH K YPaBHEHHUSIM TaKO-
ro tuma, u Metoa HukudopoBa — YBapoBa HIMPOKO HCIOIL30BAICS B 3TOM KOH-
tekcre [8,9,10]. Jlns BomopoaonoqoGHbIX aTOMOB B IIPOCTPAHCTBAX ITOCTOSIHHOM
KPUBHU3HBI K pajnaibHas 4acTh BoqHOBOW QyHKIMU ¥ = G(r)Y},, (0, 9) ymosie-
TBOPSICT YPABHEHUIO

d?G +/’1E + Brz— L+ 1)A + zz)G
dz? (14 z2)2 ’
1 2mE 2me?

Z:—)){ e )
Ve, T e PR

rae T (r) — o6o6mennas tanrencHas ¢yukums [11]. Dro ypaBHenwe umeer
000OIIEHHBII THIIEPreOMETPHUYECKAN THIT ¥ MOKET OBITH MPOAHATU3MPOBAHO Me-
tonoM Hukudoposa — YBaposa.

_B

C MCIONIB30BAaHUEM DTOTO METOJA, MBI TIOJdyYaeM CHeKTp Ay = n? — :
E 4-77.2

M COOTBCTCTBYIOIIMEC BOJIHOBLIC q)yHKL[I/II/I

G (1) = By VRS (] e Tamy (2),

IJle MU N, TJIaBHbIE U paJHalIbHbIE KBAHTOBbIE Yncha, S, (7")0000IICHHBIA CHHYC U

ny
p(z)dz™

— TMOJWHOM, 3ajaHHbId (opmynoil Poapureca. Mbl BBIBOJUM PEKYPPEHTHYIO
(opMyIy OTHOCHTENBHO N, 4TSl KO3 (HUINECHTOB HODMUPOBKH By, , u paccmarpu-
BAEM IIPEEII IIIOCKOr0 MPOCTPAHCTBA.

3akmouenue. Boaopononono0Hble aTOMbl B MHPOCTPAHCTBAX IMOCTOSHHOU
KPUBH3HBI MPEJCTABISAIOT COOOM €Ile OJHY KBAaHTOBO-MEXAHUYECKYIO 3ajady, I1e
meroa Hukndopoa — YBapoBa moxeT ObITh ycTenHO TpuMeHeH. bonee Toro, mo

[(1 + Zz)nrp(z)],p(z) =(1+ ZZ)—neEnRarctan(z)

Vi (1) =
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HalleMy MHEHHIO, B 3TOM citydae meto] HukudopoBa — YBapoBa naer Haubosee
€CTECTBEHHBII U MPOCTOM croco0 penieHus 3aaauu.
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Elementary atoms in spaces of constant curvature
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Abstract. The Nikiforov — Uvarov method is a simple, yet elegant and powerful method
for solving second-order differential equations of generalized hypergeometric type. In the
past, it has been used to solve many problems in quantum mechanics and elsewhere. We
apply this method to the classical problem of hydrogen-like atoms in spaces of constant
curvature. Both the spectra of these atoms and their wave functions, including normaliza-
tion, are easily obtained.
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Introduction. Spaces of constant curvature provide the simplest curved back-
ground against which to study theoretical problems and questions related to quan-
tum mechanics in curved spaces, and therefore such studies are of considerable
theoretical interest. However, they are not only of academic interest. Effective cur-
vature of space arises in a number of real physical situations. The study of the mo-
tion of a quantum particle on a two-dimensional surface in condensed matter phys-
ics, as well as the study of quantum dots, has led to the use of models based on
quantum mechanics in spaces of constant curvature [1].

There are many other examples in the literature of the use of spaces of constant
curvature in various fields: from the physics of atoms and nanotubes to the chiral and
deconfinement phase transition in the Nambu — Jona — Lasinio model, symmetries
of the $W$ algebra of string theory and quasi-exactly solvable models, as well as
superintegrability in the framework of supersymmetry (see, for example, [1-3]).

About hydrogen atom in S°, Schrodinger declared [4] that he found the prob-
lem “difficult to tackle in any other way” different from his factorization method.
But a year later Stevenson showed [5] that the spectrum and wave function could
be obtained without too much difficulty by the usual methods of solving differen-
tial equations. An even simpler solution for the hydrogen-like atom in S* and H®
can be obtained using the Nikiforov — Uvarov method [6], which is what we want
to demonstrate. Surprisingly, in the extensive literature on this topic, we have so far
found only one paper [7] where this method is mentioned in connection with this
problem, but in our opinion, it is not used in the most optimal way.

Methods and materials; results. Second-order differential equations of gen-
eralized hypergeometric type, which have the following form

no®o, 01
u"+—u'+—=u=0,
o o

can be solved using the Nikiforov — Uvarov technique. Here prime indicates dif-
ferentiation with respect to the independent variable z (which may be complex);
o(z) and o4(z) are polynomials, at most of second degree, and m; (z) is a polyno-
mial, at most of first degree.

Many problems in quantum mechanics can lead to equations of this type, and
the Nikiforov — Uvarov method has been widely used in this context [8-10]. For
hydrogen-like atoms in spaces of constant curvature « the radial part of the wave
function ¥ = G(r)Y,,,, (0, @) satisfies the equation

d’G Ap + — 11+ 1A + z?
n g+ Brz ( )( Z)G

dz? (1 + z2)2 ’
1 1 2mE g = 2me?
VT () F 2R Rz
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where T, (r)is a generalized tangent function [11]. This equation is of generalized

hypergeometric type and can be analysed by the Nikiforov — Uvarov method. In
2

this way we obtain the spectrum Az = n? — 1 — LR and the corresponding wave

. 4n?’
functions

n-1 ———
Gn,nr(r) = Bn,nr [\/ESKZ (T‘)] e naByr?r(Z);
where nand n,-are principal and radial quantum numbers, S, (r)is generelazed sine
function and

ny B

[(1+ ZZ)"’”,O(Z)],,D(Z) =(1+2z9)™ efarctan(z)

1
n —_—
is a polynomial given by the Rodrigues formula. We obtain the recurrence formula,
with respect to n,, for normalization coefficients B, , and consider the flat space
limit.

Conclusion. Hydrogen-like atoms in spaces of constant curvature represent
another quantum mechanical problem where this method can be successfully ap-
plied. Moreover, in our opinion, in this case the Nikiforov — Uvarov method pro-
vides the most natural and simple way to solve the problem.
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