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Аннотация.        —  — ,    
       -

 .         -

      .         
               .   

 ,      ,  ,   

.  

Ключевые слова:    - ,   , 
  ,   —  

     Введение.          
         ,        

  ,          , 

              

 .       . -

          -

.          -

         ,      

            ,      
     [1]. 

          -

               :     
            

 —  — ,   W      

  ,        

(., , [1–3]). 

      S
3
,      [4],   

 «      »,    

 .       [5],    
           

    .    -
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     S
3
  H

3
     -    

   —   [6],      -

. ,             

    [7],             , 

  ,   ,      . 

Методы  и материалы; результаты.   -  
     ,   

: 

󰆒󰆒 + 

󰆒 + 


 = 0,  

        — .   -

           z (  
   ); ()      ()          

,  ()          . 

         -

 ,     —      -

 [8,9,10].        

        = ()(, ) -
  


 +

 +  − ( + 1)(1 + )
(1 + )  = 0, 

 =
1

√()
,  =

2
ℏ ,  =

2

ℏ√
, 

  ()      —         [11].   
          -
  — . 

   ,     =  − 1 − 


,  
     

  ,() = , √()






 (),  

        , ()   


 () =

1
()




[(1 + )()], () = (1 + )


 ()

 

       —      ,   .   
      ,  - 
   . 

     Заключение.          
      - ,  
  —     .  ,  
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  ,      —    
      . 

Список источников 

 [1] Carinena J.F., Ranada M.F., Santander M. The quantum free particle on spherical and hyperbol-

ic spaces: A curvature dependent approach. J. Math. Phys., 2011, vol. 52, art. no. 072104. 

 [2] Kirchbach M., Compean C.B. Baryons from quarks in color gauge space of constant positive 

curvature and deconfinement. Preprint arXiv:0805.2404, 2008. 

 [3] Quesne C. Quasi-exactly solvable extensions of the Kepler-coulomb potential on the sphere. 

Ann. Phys., 2023, vol. 451, art. no. 169265. 

 [4] Schrodinger E. A method of determining quantum-mechanical eigenvalues and eigenfunctions. 

Proc. Roy. Irish Acad. A, 1940, vol. 46, pp. 9–16. 

 [5] Stevenson A.F. Note on the “Kepler problem” in a spherical space, and the factorization method 

of solving eigenvalue problems. Phys. Rev., 1941, vol. 59, pp. 842–843. 

 [6] Nikiforov A., Uvarov V. Special Functions of Mathematical Physics: A Unified Introduction 

with Applications. Springer, Basel, 1988. 

 [7] Mel’nikov V.N., Shikin G.N. Hydrogen-like atom in the gravitational field of the universe. Sov. 

Phys. J., 1985, vol. 28, no. 1, pp. 47–51. 

 [8] Ellis L., Ellis I., Koutschan C., Suslov S.K. On Potentials Integrated by the Nikiforov — Uvarov 

Method. Preprint arXiv: 2303.02560, 2023. 

 [9] Tezcan C., Sever R. A general approach for the exact solution of the Schrodinger equation. Int. 

J. Theor. Phys., 2009, vol. 48, no. 2, pp. 337–350. 

 [10] Suslov S.K, Vega-Guzman J.M, Barley K. An introduction to special functions with some ap-

plications to quantum mechanics. Orthogonal Polynomials. Springer International Publishing, 

Cham, 2020, pp. 517–628. 

 [11] Ballesteros A., Herranz F.J., del Olmo M.A., Santander M. Quantum structure of the motion 

groups of the two-dimensional Cayley — Klein geometries. J. Phys. A, 1993, vol. 26, no. 21, 

pp. 5801–5823. 

Elementary atoms in spaces of constant curvature  
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Abstract. The Nikiforov — Uvarov method is a simple, yet elegant and powerful method 

for solving second-order differential equations of generalized hypergeometric type. In the 

past, it has been used to solve many problems in quantum mechanics and elsewhere. We 

apply this method to the classical problem of hydrogen-like atoms in spaces of constant 

curvature. Both the spectra of these atoms and their wave functions, including normaliza-

tion, are easily obtained. 
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Introduction. Spaces of constant curvature provide the simplest curved back-

ground against which to study theoretical problems and questions related to quan-

tum mechanics in curved spaces, and therefore such studies are of considerable 

theoretical interest. However, they are not only of academic interest. Effective cur-

vature of space arises in a number of real physical situations. The study of the mo-

tion of a quantum particle on a two-dimensional surface in condensed matter phys-

ics, as well as the study of quantum dots, has led to the use of models based on 

quantum mechanics in spaces of constant curvature [1].  

There are many other examples in the literature of the use of spaces of constant 

curvature in various fields: from the physics of atoms and nanotubes to the chiral and 

deconfinement phase transition in the Nambu — Jona — Lasinio model, symmetries 

of the $W$ algebra of string theory and quasi-exactly solvable models, as well as 

superintegrability in the framework of supersymmetry (see, for example, [1–3]). 

About hydrogen atom in S
3
, Schrodinger declared [4] that he found the prob-

lem “difficult to tackle in any other way” different from his factorization method. 

But a year later Stevenson showed [5] that the spectrum and wave function could 

be obtained without too much difficulty by the usual methods of solving differen-

tial equations. An even simpler solution for the hydrogen-like atom in S
3 

and H
3 

can be obtained using the Nikiforov — Uvarov method [6], which is what we want 

to demonstrate. Surprisingly, in the extensive literature on this topic, we have so far 

found only one paper [7] where this method is mentioned in connection with this 

problem, but in our opinion, it is not used in the most optimal way. 

Methods and materials; results. Second-order differential equations of gen-

eralized hypergeometric type, which have the following form 

󰆒󰆒 +

 󰆒 +


  = 0, 

can be solved using the Nikiforov — Uvarov technique. Here prime indicates dif-

ferentiation with respect to the independent variable z (which may be complex); 

() and () are polynomials, at most of second degree, and ()is a polyno-

mial, at most of first degree. 

Many problems in quantum mechanics can lead to equations of this type, and 

the Nikiforov — Uvarov method has been widely used in this context [8–10]. For 

hydrogen-like atoms in spaces of constant curvature  the radial part of the wave 

function  = ()(, )satisfies the equation 


 +

 +  − ( + 1)(1 + )
(1 + )  = 0, 

 =
1

√()
,  =

2
ℏ ,  =

2

ℏ√
, 
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where ()is a generalized tangent function [11]. This equation is of generalized 

hypergeometric type and can be analysed by the Nikiforov — Uvarov method. In 

this way we obtain the spectrum  =  − 1 − 



,and the corresponding wave 

functions  

,() = , √()






 (), 

where and are principal and radial quantum numbers, ()is generelazed sine 

function and  


 () =

1
()




[(1 + )()], () = (1 + )


 ()

 

is a polynomial given by the Rodrigues formula. We obtain the recurrence formula, 

with respect to ,for normalization coefficients , and consider the flat space 

limit. 

Conclusion. Hydrogen-like atoms in spaces of constant curvature represent 

another quantum mechanical problem where this method can be successfully ap-

plied. Moreover, in our opinion, in this case the Nikiforov — Uvarov method pro-

vides the most natural and simple way to solve the problem. 
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