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Abstract: In this study, we take into account a particular form of () inspired by a () 
gravity model. The Monte Carlo Markov Chain (MCMC) approach is used to constrain the 

parameters of the Hubble model, offering a strong statistical analysis. Our outcomes con-

firm the viability of the suggested () model as an alternative framework for dark energy 

explanation by successfully supporting an accelerating cosmic expansion.  
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Introduction. Our understanding of cosmology has been drastically transformed 

by observational findings made in 1998 [1] that the universe is expanding in an 

accelerated manner. Due to several drawbacks of GR, Hence, the establishment of 

modified theories of gravity is one of the main approaches being explored to study 

the late time cosmic evolution. 

In an Intriguing extension of Riemannian geometry, in the witzenbck space, 

the Riemannian curvature tensor is zero, and the torsion tensor is non-zero. This 

leads to a flat spacetime with the significant characteristic of absolute parallelism, 

also referred to as teleparallelism. The primary characteristic of the teleparallel ap-

proach is the substitution of a set of tetrad vectors, for the metric tensor, which is 

the main physical variable that determines gravitational qualities. Instead of curva-

ture, torsion, originating from the tetrad fields, can be used as a general description 

of the gravitational effect. This is reflected to the theory known as the teleparallel 

equivalent of general relativity (TEGR), which has been extended to the () grav-

ity theory. 

 The primary objective of this research is to explore the () modified gravity, 

starting with TEGR rather than the GR. In this study, we employ the simple para-

metrization of a particular form of the Hubble parameter using Hubble, BAO, and 

Hubble+BAO observational datasets and generate exact solutions for the modified 

Friedmann equations in the FLRW spacetime. Specifically we employ a form of 

(), () =  +   ⁄ 

 ⁄ 
, where  and  are constants with  = −6

, where 

  is the current value of the Hubble parameter. Subsequently, we have examined 

all the dynamical and cosmological parameters followed by energy conditions and 

() diagnostic. The work is organized as follows: in section 2, we commence 

by offering an overview to TG and then describe the () gravity framework.  
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In section 3, a specific form of the Hubble parameter is parametrized using Hubble, 

BAO and Hubble+BAO datasets via MCMC approach. Section 4 presents solutions 

to the field equations and explores the cosmological elements of the specific form 

of (). In sections 5 and 6, the viability of the model is checked by performing 

energy conditions and () diagnostic respectively. Section 7 provides a thor-

ough conclusion to the work. 

Methods and materials. Framework of (). The torsion scalar-based modi-

fied theory of gravity, known as (), has a geometric action determined by an alge-

braic function associated with torsion. To describe the geometric components, this 

theory incorporates orthonormal tetrad components that are defined within the tan-

gent space at each point of the manifold. Basically, the line element is presented as: 

 =  =   

where  = 
  ,  =    and  = (1, −1,−1,−1) represents the 

metric associated with Minkowski spacetime and   represents the components of 

the tetrad satisfying the conditions: 

 
 =  

The action [2] of the () gravity can be defined as, 

 = 


∫ [ + () + ℒ]. 

where ℒ is the total matter Lagrangian,  = [ ] = √−, and  is the gravita-

tional constant. The natural system,  = 8 = 1, is taken into consideration. 

The gravitational field equations can be found by varying the action with respect to 

vierbein as, 




[1 + ]+ 


() − 
 

[1 + ] +

+
1
4 

[ + ()] = 4
  

 is the total-energy momentum tensor, and we represent  = () and the 

first and second derivatives of    with regard to  as  and  , respectively. In 

this study, we will consider the FLRW metric to derive the modified Friedman 

equations. Then the () gravity field equations are: 

3 = 8( + ) −


+ ; 

󰇗 = − ()


. 

Where  ≡ 

󰇗
 and the derivative of it with respect to cosmic time is represent-

ed by 󰇗 . It is now possible to describe the field equations of () gravity in the DE 

sector pressure () and energy density () as, 
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 ≡
1

16 [− + 2] 

and 

 ≡ −
1

16 󰇩
− +  − 2
1 +  + 2

󰇪. 

Then the EoS parameter can be expressed as, 

 ≡ −1 +
( + 2)(− +  + 2)
(1 +  + 2 )(− + 2 )

. 

Model Parametrization. From [3], we introduce the following new para-

metrization of the Hubble parameter in the FLRW universe: 

() = ( − )(1 + ) + (1 + ), 

where  is the current value of the Hubble parameter at  = 0,  and  are free 

parameters that must be ascertained via observational constraints. 

Analysis With Observational Datasets. In this part, we use observational da-

ta from several cosmological surveys to constrain the free parameters of (), that 

is by investigating data describing the distance-redshift relation. 

Hubble Data: A sequence of 32 data points for the Hubble parameter are taken 

in the redshift range 0.07 ≤  ≤ 1.965. The chi-square function for the Hubble 

dataset is defined as, 

 () = 
(, ) − ()



()

{}

{}

, 

where  is the vector of the cosmological background parameters and 

( , )and () refer to the developed and the observed Hubble parameters 

respectively. The observational errors in the observed values () are denoted 

by (). 
BAO Data: In this study, we utilize a dataset of 26 independent data points de-

rived from line-of-sight BAO measurements. The  function for the BAO data set 

is defined by, 

 () = 
(, ) − ()



()

{}

{}

, 

where ( , ) represents the theoretical value of the hubble, the model parame-

ters are represented by  , () represents the observed value of the Hubble 

from the BAO analysis, and the related error in the observed BAO data points is 

denoted by (). 
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Once, Hubble and BAO datasets have been analyzed, we may also take the 

combination of both to determine the best-fit values of our model. To do this, the 


 function can be set up as the sum of ()


 and 

. 

 

 

 
 

  
 

Fig. 1. 2D-contour plot derived from the study of Hubble, BAO and Hubble+BAO datasets in 
the (i)upper left panel, (ii)upper right panel, and (iii) lower panel that display the most likely 

values and confidence regions up to 3σ for model parameters a b, , and H 
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Table 1 

Best-fit values with  , , and  confidence intervals for the model parameters , 

 , and   derived from the Hubble, BAO, and Hubble+BAO datasets 

Datasets          

Hubble 1 0.45..
  1.07..

  72.76..  

2 0.45..
  1.07..

 72.76..
 

3 0.45..
  1.07..

 72.76..  

BAO 1 0.076..
 0.952..

 69.683.. 

2 0.076..
 0.952..

 69.683..
 

3 0.076..
  0.952..

  69.683..
 

Hubble+BAO 1 0.069..
 0.971..

 69.550..
 

2 0.069..
  0.971..

 69.550..
 

3 0.069..
  0.971..

 69.550..
 

 

 
i 

 
Ii 
 

Fig. 2. (i) Left panel is the error bar plot of Hubble parameter, and (ii) right panel  
is the plot of deceleration parameter for Hubble, BAO and Hubble+BAO datasets 



   XXIV Международная научная конференция «Физические интерпретации теории относительности»  51

We can see that the error bar plot of the HP presented in Fig. 2 left Pannel is 

perfectly fit with the observational data and consistent with ΛCDM model. In Fig. 

2 right Pannel, the behaviour of the deceleration parameter is staying negative 

throughout indicating that the expansion is slow at early time but increases when it 

moves towards late. Additionally, the estimation of the current values of the decel-

eration parameter for Hubble, BAO and Hubble+BAO datasets are  = −0.74, 

 = −0.54 and  = −0.53 respectively which are inn agreement with some pre-

vious literatures such as  = −0.584 [4],  = −0.544 [5],  = −0.55 [6], 

 = −0.749 [7],  = −0.744 [8] etc. 

Dynamical study with the model. In analogous to () theory, the form of 

() will be given as, () =  +  ⁄ 

 
⁄ 

, [9], where ,  are constants, and 

 = −6 with the first and second derivatives denoted as   and   and defined 

as 
 ⁄ 



󰇡  ⁄ 

󰇢

 + 1 and, − ⁄ 

(() ⁄ 


)

󰇡 ⁄ 

󰇢

  respectively. Then 

we can reduce the field equations as, 

 =


󰇣−6

 − 󰇡1 −
()
()

󰇢󰇤; 

 = − 
()()

(())()
. 

 =
= − 

()()

(())
()󰇧

󰇡
()
(),

󰇢󰇨
, 

Where  = (− +  +  + 1) and  = 󰇡



󰇢


. 

These are the parameters     , , , and  on which the behaviour of the energy 

density and the EoS parameter depend from which two parameters   and  are 

constrained by the MCMC approach and the remaining two, that is,   and  are 

selected in such a way as to obtain a positive energy density. From Fig. 3, we can 

see that the EoS parameter remains staying negative throughout the graph. It lies in 

the region (−1,0) representing the quintessence phase for the observational Hubble 

dataset. But in the case of BAO and Hubble+BAO datasets, it is showing the anal-

ogous results. It lies in the range (−1,0) that is in the quintessence region in the 

early time, just after  = 0, it comes below −1 and stays in the phantom region 

that is below −1 in the late time. At the redshift  = 0, the value of the EoS pa-

rameter for this model are estimated to be   = −0.915,  = −0.911, and 

 = −0.912 which are consistent with the previous studies [10–12]. 
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Fig. 3. (i) Left panel is the plot of energy density, and (ii) right panel is the plot  
of EoS parameter with parameter scheme  = 47.4and  = 0.038 

 

Conclusion. In this study, we have reconstructed a cosmological model with 

accelerating behaviour emphasizing late-time evolution. In the context of TG, first 

the field equations got derived and to proceed for the dynamical study, a particular 

form of () inspired from a () theory is taken to determine the dynamical pa-

rameters. In order to describe the evolution, we considered a special Hubble pa-

rameter dependent upon three free parameters which got constrained through the 

MCMC approach using observational datasets such as Hubble, BAO and a combi-

nation of both. From the error bar plot of our Hubble parameter, we observed that 

the behaviour of the Hubble is consistent with the ΛCDM model. The graph of the 

Deceleration parameter is showing that the plot is staying negative throughout ad-

dressing the accelerating behaviour of our model. Where, the current values of both 

Hubble parameter and Deceleration parameter are carrying in the range range 
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[69.550,72.76] and [−0.53,−0.74], respectively with the values of the Decelera-

tion parameter are in agreement with the previous literatures mentioned in the cor-

responding section. In order to get to know about the dynamical behaviour of our 

model, the EoS parameter got investigated which remained negative throughout the 

graph. For the Hubble dataset it is lying in the quintessence region, but for BAO 

and Hubble+BAO datasets it is lying in the quintessence region at the early time 

and just after  = 0, it is coming to the phantom while moving towards the late 

time. The estimated current values of the EoS parameter are consistent with the 

previous results which are covered in the respective section. 

References  

 [1] Riess A.G. et al. Observational Evidence from Supernovae for an Accelerating Universe and a 

Cosmological Constant. Astron. J., 1998, vol. 116, no. 3, pp. 1009–1038.  

 https://doi.org/10.1086/300499 

 [2] Cai Y.-F., Capozziello S., De s E.N. F(T) teleparallel gravity and cos- Laurentis M., Saridaki

mology. Reports Prog. Phys., vol. 79, no. 10, art. no. 106901, Sep. 2016.  

https://doi.org/10.1088/0034-4885/79/10/106901 

 [3] Shibesh Kumar Jas P., Myrzakulov R., Myrzakul S. Reconstruction of cosmic history from a 

simple parametrization of H. International Journal of Geometric Methods in Modern Physics, 

2017, vol. 14.07, art. no. 1750111. 

 [4] Naik D.M. et al. Model-independent cosmological insights from three newly reconstructed de-

celeration parameters with observational data. Physics Letters B, 2023, vol. 844, art. no. 

138117. 

 [5] Narawade S.A. et al. Modelling the accelerating universe with f (Q) gravity: observational con-

sistency. The European Physical Journal C, 2024, vol. 84.8, art. no. 773. 

 [6] Shrivastava P. et al. The simplest parametrization of the equation of state parameter in the scalar 

field universe. Galaxies, 2023, vol. 11.2, art. no. 57. https://doi.org/10.3390/galaxies11020057 

 [7] Najafi A., Hossienkhani H. Using Pantheon and Hubble parameter data to constrain the Ricci 

dark energy in a Bianchi I Universe. Communications in Theoretical Physics, 2022, vol. 74.6, 

art. no. 065401. 

 [8] Mandal S. et al. Cosmological observational constraints on the power law f (Q) type modified 

gravity theory. The European Physical Journal C, 2023, vol. 83.12, art. no. 1141. 

 [9] Yang R.-J. New types of f (T) gravity. The European Physical Journal C, 2011, vol. 71.11,  

art. no. 1797. 

[10] Duchaniya L.K. et al. Dynamical stability analysis of accelerating f (T) gravity models.  

The European Physical Journal, 2022, vol. C82.5, art. no. 448. 

 [11] Siddheshwar Atmaram K., Mishra B., Tripathy S.K. Dynamical features of f (T, B) cosmology. 

Modern Physics Letters A, 2022, vol. 37.17, art. no. 2250104. 

[12] Mishra S.S. et al. Constraining extended teleparallel gravity via cosmography: A model-

independent approach. The Astrophysical Journal, 2024, vol. 970.1, art. no. 57. 

  


