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Аннотация.                
 .   ,   -

          .    

   .         
                  

          

     
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 / << / .r V c     -   

          ,    -

 . 

Ключевые слова:  ,   , -

  

Методы  и материалы; результаты.         

   [1]      -

   4-.  [2]    

 ,       -

    4-,     , -

   .     -
         

-       [3–5]     -
             .    , -

        ,  

 ,      .   -

  - . 

    ()     -

           ,      -
,   ,   ,  ,   ,  -

         -

        .       4- ,   

    ,    
           [6–8],      ,  

    ,    -
             [6, 9].        ,   

 4-       -
.  
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            ,  

           

   . [3–5].      -

       4- -,     
    [8]   [6]  ,   - . 

     ,            -

         4-.   

          , -

     .       

      , -

       .      -

      .     -

             ,    
  —     

       [10].    -

          [11]. 

         

          . 
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Abstract. The dynamics of particles in a gravitational field is investigated using Lagrange 

mechanics. Dynamic equations are obtained, including the rate of energy and momentum 

transfer to the gravitational field. They are covariant for linearized metrics. The motion of 

particles in the Schwarzschild field is considered and, in the case of weak gravitation, it is 

determined the passive gravitational mass of a photon and a massive particle under condi-

tion of the relationship between gravitational potential and its velocity 
2 2
 / << / .r V c  

The active gravitational mass is found for the system special case of two identical bodies 

moving in opposite directions. 

Keywords: Lagrange Mechanics, principle of stationary action, gravitational mass 

Methods and materials; results. In the Fock proof [1] of the light motion along 

geodesics, the time component of the covariant 4-velocity vector is taken as the 

Hamiltonian. In [2] a generalized Fermat's principle was proposed, which applies a 

variation of the integral of the time component of the 4-velocity vector and gives 

the trajectory of light propagation that coincides with geodesic. Application of the 

variational principle of energy stationery integral to the motion of a light-like parti-

cle in a gravitational field [3–5] does not lead to a violation of the isotropy of the 

light path. This method yields equations identical to those obtained using the gen-

eralized Fermat's principle, defining a system of equations that has one more equa-

tion. This allows one to obtain the energy-momentum vector of the particle. 

In general relativity (GR), the definition of the momenta of massive and light-

like particles moving in curvilinear space-time, and the forces acting on them, aims 

in particular to find relativistic corrections to Newton's theory of gravitation for a 

weak gravitational field. If the second derivatives of the coordinates along the path 

[6–8] are considered as components of the 4-vector of the force acting on a massive 

particle of a unit mass, then in the Newtonian limit, the value playing the role of 

the passive gravitational mass turns out to depend on the direction of motion of the 

particle [6, 9]. The same is true for a photon, if the second derivatives of coordi-

nates are identified with the 4-force by an affine parameter, as which the coordinate 

time is chosen. 

Another approach is the choice of the Lagrangian of the particle, the definition 

of generalized forces as its partial derivatives with respect to the coordinate in ac-

cordance with Lagrange mechanics [3–5]. The energy and momenta of particles are 

considered as the components of the contravariant 4-vector of energy-momentum, 

as is done in [8] and in [6] for a particle moving in the Minkovsky space-time. This 

is consistent with the fact that in GR the physical velocities of particles are associ-

ated with the components of the contravariant 4-velocity vector. Therefore, the 
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physical force is aligned with the upper index vector associated with the general-

ized force vector. In this case, the passive gravitational mass light-like particle 

turns out to be independent of the direction of their motion. It is equal to twice the 

mass of the massive particle corresponding to its energy. This is consistent with the 

value of the active gravitational mass of the light-like particle obtained from the 

solution of the Einstein — Maxwell equations for directed electromagnetic radia-

tion in the case of weak gravity [10]. Quantum gravity theory yields a similar result 

for the active gravitational mass of a photon [11]. The passive gravitational mass of 

a massive particle moving along an unrestricted trajectory will also not depend on 

the direction of its motion. 

References  

[1] Fock V. The Theory of Space Time and Gravitation. Amsterdam, Elsevier, 2015, 460 p. 

 [2] Frolov V.P. Generalized Fermat’s principle and action for light rays in a curved spacetime. 

Phys. Rev. D, 2013, vol. 88, art. no. 06403910. https://doi.org/10.1103/PhysRevD.88.064039 

[3] Belayev V.B. The Dynamics in General Relativity Theory: Variational Methods. Moscow, 

URSS Publ., 2017, 216 p. (In Russ.). 

 [4] Tsipenyuk D.Yu., Belayev W.B. Extended space model is consistent with the photon dynamics 

in the gravitational field. J. Phys.: Conf. Ser., 2019, vol. 1251, art. no. 012048. 

https://doi.org/10.1088/1742-6596/1251/1/012048 

 [5] Tsipenyuk D.Yu., Belayev W.B. Photon dynamics in the gravitational field in 4D and its 5D 

extension. Rom. Rep. Phys., 2019, vol. 71, no. 4, art. no. 109. 

 [6] Landau L.D., Lifshitz E.M. The Classical Theory of Fields. Oxford, Butterworth-Heinemann, 

2000, 428 p. 

[7] Weinberg S. Gravitation and cosmology: principles and applications of the general theory of 

relativity. New York, Wiley, 1972, 685 p. 

 [8] Ritus V.I. Lagrange equations of motion of particles and photons in the Schwarzschild field. 

Phys. Usp., 2015, vol. 58, pp. 1118–1123. https://doi.org/10.3367/UFNr.0185.201511h.1229  

 [9] Okun’ L.B. The concept of mass (mass, energy, relativity). Sov. Phys. Usp., 1989, vol. 32,  

pp. 629–638. (In Russ.). https://doi.org/10.1070/PU1989v032n07ABEH002739 

[10] Tolman R.C. Relativity, Thermodynamics and Cosmology. Oxford, Clarendon Press, 1969, 501 p. 

 [11] Okun’ L.B. The theory of relativity and the Pythagorean theorem. Phys. Usp., 2008, vol. 51,  

pp. 622–631. (In Russ.). https://doi.org/10.1070/PU2008v051n06ABEH006552 

   


