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AHHOTanusA. /[MHAMUKa 4acCTUL B TPABUTALMOHHOM I10JIE€ UCCIEAYETCS ¢ UCIIOJIb30BAaHUEM
MexaHuku Jlarpanka. [lomydeHbl fMHAMUYECKHE YPABHEHMS, BKIIIOUYAOIIME CKOPOCTh I1e-
penayn >HEPrud U UMITyJibca TPABUTALMOHHOMY MOJ0. OHU SBISIOTCS KOBapUaHTHBIMU
JUIsl IMHEApU30BaHHBIX METPUK. PaccMoTpeHo nBmkeHue yactull B noje [Bapummnbsia u
B Ciyyae cliaboil TpaBUTallMU OMpe/eieHa MacCHUBHAs I'paBUTALMOHHAs Macca (OTOHA U
MAaCCHBHOM 4aCTHUILbl IIPU YCIOBUM IIPU yCJIOBHM COOTHOLIEHUS MEXIY I'PAaBUTALMOHHBIM

2 .2 .
MOTEHITUAJIOM M €€ CKOpOCThio o / I <<V /¢”. HaiineHa akTuBHas rpaBUTAI[IOHHAS Mac-

ca I 4aCTHOI'O Ciiydasa CUCTEMbI U3 ABYX OAMHAKOBBIX TCJ, ABMIXKYIIHUXCA B IIPOTHUBOIIO-
JIOKHBIX HAIIpaBJICHHAX.

KuroueBble cjioBa: Mexanuka Jlarpan»xa, NPUHIUIT CTAIMIOHAPHOTO JACUCTBUS, TPaBUTALIM-
OHHas Macca

MeToabl 1 MaTepuaJbl; pe3yjabTaThl. B nokazarenscTBe Poka ABUKECHUS CBETa
no reojesuueckuM [1] B kayecTBe raMuiabTOHMaHa OepeTCs BPEMEHHAs COCTABJIs-
I0IIas KOBaApMaHTHOIo BekTopa 4-ckopoctu. B [2] Gbu1 mpemioxken 0000MIEHHBIN
npuHuun depma, B KOTOPOM MCIOJIB3YETCS Bapualldsl HHTErpajga BPEMEHHONU KOM-
IOHEHTHI BeKTOpa 4-CKOpOCTH, IPUBOASIIAS K TPACKTOPHH IBHKEHUS CBETA, COB-
najamouie ¢ reoge3ndyeckoil. [lpumeHeHne OCHOBaAaHHOIO Ha JarpaH>KeBOM Mexa-
HUKE BapHaIlMOHHOTO MPUHITUIIA CTAI[MOHAPHOTO UHTETpalia SHEPTUU K JABUIKCHUIO
CBETO-TI0JJOOHOM YaCTHIBI B IPABUTAIMOHHOM TI0)1e [3-5] He mpuBOAUT K HapyIe-
HUIO HM30TPOMHOCTH CBETOBOrO MyTH. J[aHHBI METOA MaeT ypaBHEHHS, TOX]E-
CTBEHHBIE TMOJYYEHHBIM C TIOMOIIbIO0 00001IeHHOTr0 NpuHiuna depma, onpeaesss
CUCTEMY YpaBHEHM, UMEIOIIYIO0 Ha OJHO ypaBHEHHUE OO0JbIIe. ITO MO3BOISET MO-
JYYUTh BEKTOP SHEPIUU-UMITYJIbCA YACTUIIBI.

B o6mieit Teopun otnocutensaoct (OTO) onpenencHe UMITYIHCOB MAaCCHB-
HBIX M CBETOBBIX YAaCTHI], JABUXKYIIMXCS B KPUBOJWHEHMHOM MPOCTPAHCTBE-
BPEMEHH, U CWJI, JEHCTBYIOIIMX HA HUX, UMEET 1I€JIbI0, B TOM UHUCIIE€, HAUTHU peJsi-
TUBUCTCKHE TONPABKU K TEOpUHU TAToTeHHs HproToHA /uIsi c1aboro rpaBUTAIMOH-
HOro moisi. ECIM B KadecTBE COCTABISAIOMMX 4-BEKTOpa CHJIBI, JEHCTBYIOMICH
Ha MaCCHUBHYIO YaCTHUIy €IJMHUYHON MAcChl, pacCCMaTpUBaTh BTOPbIE MIPOU3BOIHBIE
KOOPJIUHAT 110 IyTH [6-8], TO B HBIOTOHOBCKOM IIpeieiie BEIMYMHA, HIParoIias
pPOJIb ACCUBHOW I'PABUTAIIMOHHOW MACCHI, OKa3bIBAETCS 3aBUCSIIECH OT HaIlpaBJie-
Hus ABIOKEeHMs dactunpl [0, 9]. Dro ke mMeer mecro W aus (POTOHA, €ciH
¢ 4-cuioit OTOKAECTBJIATh BTOPHIC MPOM3BOIHBIE KOOPAMHAT MO apPuHHOMY Ma-

pamerpy.
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JpyruM moaxoaoM SIBISIETCSl BbIOOp JlarpaH)kKMaHa 4YacTULbI, OIpeNeIeHUE
000O0IIIEHHBIX CUJI KaK €r0 YaCTHBIX MPOU3BOJIHBIX IO KOOPJUHATE B COOTBETCTBUU
¢ Mexanukoii Jlarpamka. [3-5]. DHeprueii u uMITyIBCAMH YACTHI[ CUUTAFOTCS KOM-
MOHEHTHI KOHTPAaBapUAHTHOTO 4-BEKTOpa 3HEPIHU-UMITYJIbCA, KaK 3TO JENIAeTCs
B [8] u B [6] st wacTuisl, ABMKYyIIEHCS B IPOCTPAHCTBE-BpeMeHH MHHKOBCKOTO.
Jto cornacyercs ¢ TeM, yTo B OTO pusnyeckre CKOpoOCTH YacTHI] CTABITCS B CO-
OTBETCTBUEC KOMIIOHEHTaM KOHTpaBapHaHTHOro Bektopa 4-ckopoctu. IlosTomy
c (pusmuecKkor CHIION CBSI3bIBAETCS BEKTOP C BEPXHMMM HMHJIEKCAMH, aCCOLMHPO-
BaHHBIN C BEKTOPOM 00OOIIEHHBIX CHJI. B 3TOM citydae 71 U30TPONMHON METPUKH
[IIBapmmnbaa macCMBHas T'PaBUTALMOHHAs Macca CBETOBOW YACTHIIBI, OKa3bIBa-
€TCsl HE3aBUCAILEH OT HalpaBiieHUs IBM>KeHHs. OHa paBHA yJIBOEHHON Macce mac-
CHUBHOM YaCTHIIbI SKBUBAJIECHTHOM €1 3HEPruu. DTO COIVIACYETCS C BEIMYUMHOM aK-
TUBHOW TI'PaBUTALIMOHHOM MAacChbl CBETOBOM YAaCTHULBI, IOJYYEHHOU W3 PEIICHUS
ypaBHeHUN OWHITEHA — MakcBesia Il HallpaBJIE€HHOTO 3JIEKTPOMAarHUTHOTO
W3IydeHus B ciydae ciaboit rpasuranuu [10]. KBanrtoBas Teopus rpaButarmu jaa-
€T aHAIOTWYHBIN Pe3yJbTaT ISl aKTHBHOM TPaBHTAIIMOHHOW Macchl (otoHa [11].
[TaccuBHas rpaBUTAllMOHHAS Macca ABMKYIIECHCS 110 HEOTPAHUYEHHON TPAEKTOPUHU
MAaCCHUBHOM YaCTHIIBI TAKXKe HE OyJIeT 3aBUCETh OT HANPABICHUS €€ IBUKCHHUS.
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Application of Lagrangian Mechanics to the Analysis
of Particle Dynamics in a Gravitational Field
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Abstract. The dynamics of particles in a gravitational field is investigated using Lagrange
mechanics. Dynamic equations are obtained, including the rate of energy and momentum
transfer to the gravitational field. They are covariant for linearized metrics. The motion of
particles in the Schwarzschild field is considered and, in the case of weak gravitation, it is
determined the passive gravitational mass of a photon and a massive particle under condi-
tion of the relationship between gravitational potential and its velocity o /T <<V?/c?.

The active gravitational mass is found for the system special case of two identical bodies
moving in opposite directions.

Keywords: Lagrange Mechanics, principle of stationary action, gravitational mass

Methods and materials; results. In the Fock proof [1] of the light motion along
geodesics, the time component of the covariant 4-velocity vector is taken as the
Hamiltonian. In [2] a generalized Fermat's principle was proposed, which applies a
variation of the integral of the time component of the 4-velocity vector and gives
the trajectory of light propagation that coincides with geodesic. Application of the
variational principle of energy stationery integral to the motion of a light-like parti-
cle in a gravitational field [3-5] does not lead to a violation of the isotropy of the
light path. This method yields equations identical to those obtained using the gen-
eralized Fermat's principle, defining a system of equations that has one more equa-
tion. This allows one to obtain the energy-momentum vector of the particle.

In general relativity (GR), the definition of the momenta of massive and light-
like particles moving in curvilinear space-time, and the forces acting on them, aims
in particular to find relativistic corrections to Newton's theory of gravitation for a
weak gravitational field. If the second derivatives of the coordinates along the path
[6-8] are considered as components of the 4-vector of the force acting on a massive
particle of a unit mass, then in the Newtonian limit, the value playing the role of
the passive gravitational mass turns out to depend on the direction of motion of the
particle [6, 9]. The same is true for a photon, if the second derivatives of coordi-
nates are identified with the 4-force by an affine parameter, as which the coordinate
time is chosen.

Another approach is the choice of the Lagrangian of the particle, the definition
of generalized forces as its partial derivatives with respect to the coordinate in ac-
cordance with Lagrange mechanics [3-5]. The energy and momenta of particles are
considered as the components of the contravariant 4-vector of energy-momentum,
as is done in [8] and in [6] for a particle moving in the Minkovsky space-time. This
is consistent with the fact that in GR the physical velocities of particles are associ-
ated with the components of the contravariant 4-velocity vector. Therefore, the
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physical force is aligned with the upper index vector associated with the general-
ized force vector. In this case, the passive gravitational mass light-like particle
turns out to be independent of the direction of their motion. It is equal to twice the
mass of the massive particle corresponding to its energy. This is consistent with the
value of the active gravitational mass of the light-like particle obtained from the
solution of the Einstein — Maxwell equations for directed electromagnetic radia-
tion in the case of weak gravity [10]. Quantum gravity theory yields a similar result
for the active gravitational mass of a photon [11]. The passive gravitational mass of
a massive particle moving along an unrestricted trajectory will also not depend on
the direction of its motion.
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