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AnHoTanus. PaccMoTpeHo nBmkeHne (OTOHOB B MPOCTPAHCTBE-BPEMEHHU 3aKPHITON M30-
TPOIHOM BcesleHHOW PpuaMana, coaepxkaled JMHaMUYECKY0 KPOTOBYIO HOPY, 3aIlOJIHEH-
HYI0 MbUIBI0. [loTydeHsl u pelieHbl ypaBHEHHs T€01e3UUeCKUX i JOTOHOB B MPOCTPAH-
CTBE-BPEMEHHM JUHAMUYECKOM KPOTOBOW HOPBHI M B MPOCTPAHCTBE-BPEMEHU BCEJICHHOMN
@®puamana. [lomydena u npoananuzupoBaHa Gopmysa Ui paguyca TeHH KPOTOBOM HOPBI.
CrenaH BBIBOJI, YTO pa3Mep TEHH 3aBUCHUT HE TOJIBKO OT MapaMEeTPOB KPOTOBOW HOPBI, HO U
0T BpeMeHU HabmoieHus. Ha paHHuX BpemMeHaxX TeHb KPOTOBOM HOPBI YMEHBIIIAETCS, TOTAa
Kak Ha OoJiee MO3JHUX — YBEIMUMUBAETCS BCIEACTBUE paclIMpeHus BceneHHo dpuamana.

KiroueBble ci10Ba: KpoToBasi HOpa, IMHAMUYECKas KPOTOBasi HOpa, BeceneHHass Opuamana

Beenenne. Kporosast HOpa — 3TO CTPYKTypa NPOCTPAHCTBA-BPEMEHH C HETPUBU-
aNbHOW TONOJIOTHEH, KOTOpas MPeJCTaBIsieT cO00M TyHHENb, COSAUHSIOMINN pa3-
JIMYHbIE IPOCTPAHCTBEHHBIE 00JIACTH OJTHOM M TOM K€ BCEJIEHHON WJIM Pa3JIMYHbIE
BceneHHble. OOBIYHO IJISl CYIIECTBOBAHMS MPOXOJIUMON KPOTOBOM HOPHI B OOIIEH
teopun oTHOcHTeNbHOCTH (OTO) TpebyeTcst 9K30THUECKAs MATEPHs, HAPYIIAOIIas
cBeToBoe 3Heprerryeckoe ycmosue (COVY) [1]. Onnako HekoTopbie KOHGUTYpauu
KPOTOBBIX HOpP MOT'YT CYIIECTBOBaTh Oe3 Hee. Hallle BHMMaHMe NPUBIEKIIN CTaTbU
[2-4], mocBsieHHBIC H3YYCHUIO BO3MOKHBIX MTPOXOANMBIX KpOTOBBIX HOp B OTO,
3aII0JIHEHHBIX IBUIBIO, B KOTOPBIX aBTOPaMH ObUIM ITOJIy4€Hbl KOHKPETHBIE MOJIETIN
IIPOXOJMMBIX JUHAMHUYECKUX KPOTOBBIX HOP, HE Hapymaronmx COY.

B nanHoit paboTe Mbl paccMaTpuBaeM JABHXKEHUE (DOTOHOB B MPOCTPaHCTBE-
BpeMeHu BceneHHoN DpuamaHa, conaepikalledl JTHHAMMYECKYH KPOTOBYHO HOPY
[4], momyyaem dopmyiy paaryca TEHH KPOTOBOW HOPBI U HCCIEIYEM €ro 3aBHCH-
MOCTb OT BPEMEHHU HAOII0ICHUSI.

MeTtoasl U MaTepHaJIbl; pe3yabTarbl. B KauecTBe MOJEIM MBI pacCMOTpENU
JIMHAMHYECKYIO KPOTOBYIO HOPY, MPEJICTAaBICHHYIO B cTarhe [4]. MeTpuky maHHO#
KPOTOBOM HOPBI MOKHO 3alKcaTh CIEIYIOUIMM 00pa3oM:

ds? = dr2 —%dm — r2(R,7)(dO2 + sin?0 d¢?), (1)
rner’ = dr/0R; h(R) = 1+1R2. 3aBucuMocTh 1 (R, T) 3amaeTcs mapaMeTpUIECKH:
F(R

r= m(l —cosn),T = m(n —sinn),
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rae F(R) = 2b(1 4+ R?)¥, nocrosuusie b,k > 0, mapamerp 7 € [0, 27]. VpapHe-
HMS T€0IE3UYECKUX I (DOTOHOB B IPOCTPAHCTBE-BPEMEHH KPOTOBOM HOPHI (1) MBI
3amucany ¢ IoMoIbio cuMBOJIOB Kpuctoddens u permmnu nx B mpuOImKeHUA Ma-
noro napameTpa 1) (Ha4albHbBIH TIEPUOJ] SBOJOIMU KPOTOBO# HOpbI). [Ipu aHanmm3e
YpaBHEHUI re0/Ie3MYECKUX Mbl TIOJYYHIIM TOUKY TOBOPOTA TpaeKTopuu (HoToHa:

re=2 ()"

rae L — yrinoBoii MoMeHT QoToHa, (1 — TOCTOsIHHAA, CBA3aHHAs C SHEprueu ¢o-
tona E, C; = t%/3E.

Jlanee MBI paccMOTpenu JBIKeHHE (OTOHOB B 3aMKHYTOW M30TPOITHOW BCe-
nenHoit dpuamana, METPUKY KOTOPO MOKHO 3aIKcaTh CASAYIOINIMM 00pa3oM:

ds? = a?(n)[dn? — dy? — sin?y (d6? + sin?0 d¢?)],

rae a(n) = ao(1 — cosn) — macmrabubiil pakToOp, Ay = CONSt, Y — paauanbHbIMA
yroj, 1) — TapaMeTp, CBSI3aHHBIA CO BpeMeHeM: T = ay(n —sinn), YpaBHeHHs
reojie3nvYeckux Juist (D)OTOHOB BO BCeeHHONH DpuamaHa MBI MONTYYHIIA METOIOM
[Mamunprona — Axo6w.

[Tocne MBI paccMOTpenu JIBIKCHHE (DOTOHOB BO BcelleHHOW DpuaMmaHa, co-
nepxarieir kpotoByro Hopy (1), pasmep KoTopoii paBeH R,, mpeamosaras, 4To u3-
Jy4aroliee BEIIECTBO HAXOJIUTCS TOIBKO BO BcelleHHOM Dpuamana. B takom coy-
Yae TPaHUIly TEHH KPOTOBOW HOPHI 00pa3yioT (OTOHBI, «POXKICHHBIC» BO
BcesieHHON dpuamana, MpOIIeANIue Yepe3 KPOTOBYIO HOPY W JOCTHUTIIHE HaOIIo-
Jatensi, HaXOJISIIeroCs B TOYKE X,ps, B MOMEHT HAOMIOACHUS T,p¢(7,ps)- 11O-
CKOJIBKY paccMaTpHBaeMOe IMPOCTPAHCTBO-BpeMsI CEepHUSCKU-CUMMETPUIHO, Tpa-
HUIIA TCHU OYJIeT MPEJACTaBIATh COOOM OKPYKHOCTD C PAIAYCOM gp:

L 13/k

C1

J

Asp = a*oll'shl(1 — COS nobs)z X
-1

/ Lsn? . .
X | cos )(obs(1 — COS nobs) K — sinzs_;l(obs-i_ SIN Xops SIN nobs\/I? ,

rne Ly, — yrnoBoit MomMeHT (HOTOHOB, (HOPMHUPYIOUINX TPAHUIY TEHU KPOTOBOM
HOpBI, K — TMOCTOSIHHAsI MHTErPUPOBAHUS, TOJYUYEHHAas! MPU BBIBOJE ypaBHEHUU
reoZIe3MYeCKUX BO BCENEHHONM @PpujaMaHa U CBsi3aHHas C dSHeprued (¢GoToHa
E,K = [a(n)E]?. BunHo, uTo pa3Mep TEHU 3aBHCHT KaK OT KOODAMHAT HAOIIONA-
TeNS Xops Nobs, TAK U OT Ly, KOTOPBIN 3aBUCUT OT MapaMeTPOB KPOTOBOW HOPHI.
[Ipu puKcHpOBaHHOM MOJIOKEHUU HAOIIOJATENS X ,ps TE€Hb 3aJaHHOM KPOTOBOM
HOpBI R,, k, b 3aBUCUT TOJBKO OT BPEMEHHU HAOIIOACHUS T,ps (M,yps)- [IpH MalbIx
Tobs (Mobs) PA3MEP TCHU YMEHBINIACTCS, TIOCKOJBKY BCE OOJbINE (DOTOHOB, MOIAB-
HIMX U3 BceleHHOW PpuaMaHa B KPOTOBYIO HOPY, JAOCTHTalOT HAOIIOAATENS, T. €.
|Lgp| co Bpemenem ymensimaercs. [puuem ymenbiuenue |Lg,| mpoucxomut crpe-
MUTEJIBHO U HE yCIeBaeT KOMIIEHCUPOBATHCS paciiupeHrneM BceleHHoi. Ha mo3n-
HUX BpEMEHax, Korja |Lgy| AOCTHraeT MHHUMAJIBHOTO 3HAYCHUsS, COOTBETCTBYIO-
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niero R, = 0, pa3mep TEHU YBEJIIMUYMBAETCS BCIEICTBUE PACHIMPEHMS BCEJICHHOM
Opuamana.

3akiouenue. B nanHoil pabote Mbl paccMOTpeu JIBHKeHHE (POTOHOB B IPO-
CTPaHCTBE-BPEMEHU BCeJIeHHOM PpumMaHa, COAepkKallel TMHAMHYECKYH) KpPOTO-
BYIO HOPY, U NOJIy4rsid (popmyIly Jjisi pajguyca TeHH KpOTOBOM HOpHL. [1o pesyinb-
TataM pabOThl MOKHO CHI€JaTh BBIBOJ, YTO PaJUyC TEHH 3aBUCUT HE TOJBKO OT
napaMeTpoB KPOTOBOM HOPHI, HO U OT BpeMeHH HabmoaeHus. [lpuyem Ha paHHUX
BPEMEHAxX TEHb KPOTOBOM HOPBI YMEHBIIAETCS M3-3a YMEHBIIEHUS YTJIOBOTO MO-
MmeHTa |Lg,| dpoToHOB, popMupyONIUX TpaHUIly TEHH KPOTOBOW HOPBI, a HA MO3/-
HUX — YBEJIMYMBAETCS U3-3a PACIUMPEHNs BCeleHHONM PpuamaHa.

Paboma 6vina noooeporcana epanmom @onda pazeumus meopemuueckoi huzuxu
u mamemamuxu <BA3HC» Ne 24-1-1-39-2, a maxoice epanmom
Poccutickozo nayunozo gponoa (npoexm Ne 25-22-00163).
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The shadow of a dynamic wormhole in Friedmann universe
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Abstract. The motion of photons in the space-time of a closed isotropic Friedmann uni-
verse containing a dynamic wormhole filled with dust is considered. Geodesic equations for
photons in the space-time of a dynamic wormhole and in the space-time of the Friedmann
universe are obtained and solved. A formula for the radius of the wormhole shadow is ob-
tained and analyzed. It is concluded that the size of the shadow depends not only on the
parameters of the wormbhole, but also on the observation time. At early times, the wormhole
shadow decreases, while at later times it increases due to the expansion of the Friedmann
universe.

Keywords: wormhole, dynamic wormhole, Friedmann universe
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Introduction. A wormbhole is a structure of space-time with a non-trivial topology,
which is a tunnel connecting different spatial regions of the same universe or dif-
ferent universes. Usually, the existence of a traversable wormhole in the general
relativity (GR) requires exotic matter that violates the null energy condition (NEC)
[1]. However, some wormhole configurations may exist without it. Our attention
was attracted by the articles [2-4] devoted to the study of possible traversable
wormholes in GR filled with dust, in which the authors obtained the models of tra-
versable dynamic wormholes that do not violate the NEC.

In this paper, we consider the motion of photons in the space-time of the
Friedmann universe containing a dynamic wormhole [4], obtain the formula for the
radius of the wormhole shadow and investigate its dependence on the observation
time.

Methods and materials; results. As a model, we considered the dynamic
wormhole presented in the article [4]. The metric of this wormhole can be written
as follows:

ds? = dr2 — I(:(’)) dR? — r2(R,7)(d2 + sin260 d¢?2), (1)
where ' = Z— h(R) = Rz The dependence r(R, 7) is specified parametrically:
F(R F(R
()(1—cosn)r— (R)

~ 2h(R) 2z (ry (1 sin ),

where F(R) = 2b(1 + R?)¥, the constants b, k > 0, the parameter € [0, 2rr]. We
wrote the geodesic equations for photons in the wormhole space-time (1) using
Christoffel symbols and solved them in the approximation of a small parameter n
(the initial period of wormhole evolution). By analyzing the geodesic equations, we
obtained the turning point of the photon trajectory:

Ry = \/(9b)1/k =

Cq

3/k

J

where L is the angular momentum of the photon, C; is a constant associated with
the energy of the photon E: C; = t2/3E.

Next, we considered the motion of photons in a closed isotropic Friedmann
universe, the metric of which can be written as follows:

ds? = a?(n)[dn? — dy? —sin?y (d6? + sin?0 d¢?)],

where a(n) = a,(1 — cos n) is the cosmological scale factor, a, = const, y is the
radial angle, n is a parameter related to time: 7 = ay(n — sin ). We obtained the
geodesic equations for photons in the Friedmann universe using the Hamilton-
Jacobi method.

We then considered the motion of photons in a Friedmann universe containing
a wormhole (1) of size R,, assuming that the radiating matter is located only in the
Friedmann universe. In this case, the boundary of the wormhole shadow is formed
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by photons “born” in the Friedmann universe, passing through the wormhole and
reaching the observer located at the point y,,., at the moment of observation
Tons (Mobs). Since the space-time under consideration is spherically symmetric, the
boundary of the shadow will be a circle with a radius of ap,:

Asp = aolLshI(l — COS nobs)z X

5 -1
, Lg . .
X <cos Xops(1 —cosn,ps) |[K — szﬁ + sin y,ps SIN nobsx/?> )

where Ly, — the angular momentum of the photons forming the boundary of the
wormhole shadow, K is the constant of integration obtained when deriving the
equations of geodesics in the Friedmann universe and is related to the energy of the
photon E, K = [a(n)E]?.

It is clear that the size of the shadow depends on both the observer's coordinates
Xobs Mobs and on Lg,, which depends on the parameters of the wormhole. For a
fixed position of the observer y, s, the shadow of a given wormhole R,, k, b depends
only on the observation time 7,5 (n,ps). For small 7,,s(1,ps), the shadow size de-
creases as more and more photons from the Friedmann universe that enter the worm-
hole reach the observer, i. e. |Lg, | decreases with time. Moreover, the decrease in
|L,p, | occurs rapidly and is not compensated by the expansion of the universe. At late
times, when |Lg, | reaches its minimum value corresponding to R, = 0, the size of
the shadow increases due to the expansion of the Friedmann universe.

Conclusion. In this paper, we considered the motion of photons in the space-
time of the Friedmann universe containing a dynamic wormhole, and obtained a
formula for the radius of the wormhole shadow. Based on the results of the work,
we can conclude that the radius of the shadow depends not only on the parameters
of the wormhole, but also on the observation time. Moreover, at early times, the
wormhole shadow decreases due to a decrease in the angular momentum |L, | of
the photons forming the boundary of the wormhole shadow, and at later times, it
increases due to the expansion of the Friedmann universe.

This work was supported by a grant from the Foundation for the Development
of Theoretical Physics and Mathematics «BASIS» Ne 24-1-1-39-2 and by RSF
(project No. 25-22-00163).
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