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Аннотация.     -   -       
  ,    , -

 .           -

       -      -        
 .          . 

 ,            ,  
  .       ,  
     —      . 

Ключевые слова:       ,   ,  

Введение.    -   -  —      
   ,    ,  -
            
.          

  ()     ,  

   () [1].    

     .     

[2–4],              , 

 ,        

   ,   .  

         -
         ,     

[4],           -

   . 

Методы  и материалы; результаты.          
   ,     [4].   

      : 

  =   − 󰆓 (,)
()

 − (, )( + ), (1) 

 ′ ≡ /; ℎ() = 


.   (, )   : 

 =
()
2ℎ() (1 − ),  =

()
2ℎ/() ( − ), 
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  () = 2(1 + )    ,  ,  > 0,    ∈ [0, 2]  . -
      -   (1)  

            - 
   (    ).   
        :  

 = ±󰇡 

󰇢
/

󰇻 

󰇻
/

− 1,  

  —   ,  — ,     -

  С,  = /. 

            -
 ,       : 

 = ()[ − − ( + )], 

 () = (1 − ) —  ,  =  const,  —  

,      — ,   :  = ( − )  ,  

             

 — .  

        , -

   (1),    ∗, ,   -
      .   -

              , «»  

   ,        -

   ,          ,    (  ). -

  - -, -
          : 

 = ||(1 − ) × 

× 󰇧(1 − ) − 


+ √󰇨



, 

  —        ,    
,  —  ,     

                   
,  = [()]. ,         -      
 , ,      , .      

                 
 ∗, ,            ().   
()      -  ,    , 
       ,  ,  . . 

||       .   ||  - 
        .  -

 ,  ||   -  , 
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   = 0,           
. 

Заключение.           -     
 -   ,   -

 ,        .  -

        ,        
  ,        .    

     -   -

 ||       -,     ,   
 —  -   . 
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The shadow of a dynamic wormhole in Friedmann universe 
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Abstract. The motion of photons in the space-time of a closed isotropic Friedmann uni-

verse containing a dynamic wormhole filled with dust is considered. Geodesic equations for 

photons in the space-time of a dynamic wormhole and in the space-time of the Friedmann 

universe are obtained and solved. A formula for the radius of the wormhole shadow is ob-

tained and analyzed. It is concluded that the size of the shadow depends not only on the 

parameters of the wormhole, but also on the observation time. At early times, the wormhole 

shadow decreases, while at later times it increases due to the expansion of the Friedmann 

universe. 

Keywords: wormhole, dynamic wormhole, Friedmann universe 
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Introduction. A wormhole is a structure of space-time with a non-trivial topology, 

which is a tunnel connecting different spatial regions of the same universe or dif-

ferent universes. Usually, the existence of a traversable wormhole in the general 

relativity (GR) requires exotic matter that violates the null energy condition (NEC) 

[1]. However, some wormhole configurations may exist without it. Our attention 

was attracted by the articles [2–4] devoted to the study of possible traversable 

wormholes in GR filled with dust, in which the authors obtained the models of tra-

versable dynamic wormholes that do not violate the NEC. 

In this paper, we consider the motion of photons in the space-time of the 

Friedmann universe containing a dynamic wormhole [4], obtain the formula for the 

radius of the wormhole shadow and investigate its dependence on the observation 

time. 

Methods and materials; results. As a model, we considered the dynamic 

wormhole presented in the article [4]. The metric of this wormhole can be written 

as follows: 

  =  − 󰆓(,)
()

 − (, )( + ), (1) 

where 󰆒 ≡ 


, ℎ() = 
. The dependence (, ) is specified parametrically: 

 =
()
2ℎ() (1 − ),  =

()
2ℎ/() ( − ), 

where () = 2(1 + ), the constants ,  > 0, the parameter  ∈ [0, 2]. We 

wrote the geodesic equations for photons in the wormhole space-time (1) using 

Christoffel symbols and solved them in the approximation of a small parameter  

(the initial period of wormhole evolution). By analyzing the geodesic equations, we 

obtained the turning point of the photon trajectory: 

 = ±󰇡 

󰇢
/

󰇻 

󰇻
/

− 1,  

where  is the angular momentum of the photon,   is a constant associated with 

the energy of the photon  С:  = /. 

Next, we considered the motion of photons in a closed isotropic Friedmann 

universe, the metric of which can be written as follows: 

 = ()[−  − ( + )], 

where () = (1 − ) is the cosmological scale factor,  =  const,  is the 

radial angle,  is a parameter related to time:  = ( − ). We obtained the 

geodesic equations for photons in the Friedmann universe using the Hamilton-

Jacobi method.  

We then considered the motion of photons in a Friedmann universe containing 

a wormhole (1) of size ∗ assuming that the radiating matter is located only in the 

Friedmann universe. In this case, the boundary of the wormhole shadow is formed 
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by photons “born” in the Friedmann universe, passing through the wormhole and 

reaching the observer located at the point  , at the moment of observation 

(). Since the space-time under consideration is spherically symmetric, the 

boundary of the shadow will be a circle with a radius of : 

 = ||(1 − ) × 

× 󰇧(1 − ) − 


+ √󰇨



, 

where  — the angular momentum of the photons forming the boundary of the 

wormhole shadow,  is the constant of integration obtained when deriving the 

equations of geodesics in the Friedmann universe and is related to the energy of the 

photon ,  = [()].  
It is clear that the size of the shadow depends on both the observer's coordinates 

,  and on , which depends on the parameters of the wormhole. For a 

fixed position of the observer  ,the shadow of a given wormhole ∗, ,  depends 

only on the observation time () . For small (), the shadow size de-

creases as more and more photons from the Friedmann universe that enter the worm-

hole reach the observer, i. e. | | decreases with time. Moreover, the decrease in 

|| occurs rapidly and is not compensated by the expansion of the universe. At late 

times, when | | reaches its minimum value corresponding to  = 0, the size of 

the shadow increases due to the expansion of the Friedmann universe.  

Conclusion. In this paper, we considered the motion of photons in the space-

time of the Friedmann universe containing a dynamic wormhole, and obtained a 

formula for the radius of the wormhole shadow. Based on the results of the work, 

we can conclude that the radius of the shadow depends not only on the parameters 

of the wormhole, but also on the observation time. Moreover, at early times, the 

wormhole shadow decreases due to a decrease in the angular momentum || of 

the photons forming the boundary of the wormhole shadow, and at later times, it 

increases due to the expansion of the Friedmann universe. 
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