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Аннотация.         L1L2    4- -

       c0, c1, 

c2           ,                    

3-       ,       V

       .   n0       направления   c1–c0        
             n   

      : 
0 /2

 ,n b n V n
 

      
0

   cos /2 sin /2,b i        

 i0 —     .      -

           : 

0
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Ключевые слова:       ,  , 
 ,  ,  ,  

Введение.         -   
      ,   -
     ,     A.A. Ungar, 

     J.F. Barrett, S.J. Sangwine, M.J. Visser, T.S. Berry,    . . , . . , 

   . .   .   « » .   -

                
        .    -

                 

  . .       — , 

   .   [1, 2],    

               
0

n    

     , .           

         

   [1 et seq.]  ,    
1 2

L L   - 

       
0

c   
1

c     

    . 

Методы  и материалы; результаты.    . 1   
        

1 2
L L ,     

    A     GeoGebra,    -

    . 
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Рис. 1. Базис векторов c0, c1 , c2 трехмерного подпространства,  
ортогонального оси   вигнеровского вращения V 

 

  z  c         — 

        .      —  

2 2 2
z x y  .      -    

   . A —  ,    -

 .         -

        A. В —        , 

         A.   
2c   -

   A     .  -

   0c     1c                     

        ,     B   

.  

     Заключение. .     .      
 -,        .   

              , 

     ,    -

       .   

       -
 -      4-    -

     ,       -
. 
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Geometry of Eigenvectors for Composition of Lorentz Boosts  
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Abstract. For the composition L1L2 of Lorentz boosts L1 and L2 in the Euclidean 4-

dimensional quaternion space, a triple of eigenvectors c0, c1, c2 is analytically found, each 

of which has a unit projection onto the time axis and represents a basis vector of a 3-

dimensional subspace orthogonal to the direction   of the Wigner rotation axis at an angle 

. The unit vector n0 of the direction of the vector difference c1–c0  does not depend on the 

 commutation of the summed velocities and is connected with the direction n  of the result-

ing velocity by a rotation of half an angle: 
0 /2

 ,n b n V n
 

    where 

0
   cos /2 sin /2,b i      and i0 is the unity in the quaternion algebra. This ensures the 

conciseness of coordinate-free calculations with a symmetrized representation of the com-

position of boosts: 
0

1 2  / 2 / 2
.

n n
    L L VL V L V

    
   

Keywords: composition of Lorentz boosts, eigenvectors, Wigner half angle, Euclidean 

geometry, geometric interpretation, quaternions 

Introduction. The composition of Lorentz boosts and the addition of relativistic 

velocities in physics is a classical topic that continues to be considered by a galaxy 

of contemporaries, including A.A. Ungar, J.F. Barrett, S.J. Sangwine, M.J. Visser, 

T.S. Berry, V.I. Ritus, G.B. Malykin, Z.K. Silagadze and others. Following G. 

Casanova's “El algebra vectorial”, versions of the algebraic description of Lorentz 

transformations in spaces with different dimensions and geometries began to mul-

tiply. At the same time, only a minority of papers consider Lorentz boosts in terms 

of W. R. Hamilton's original quaternions and their natural generalizations, the oc-

tonions, rather than their modifications. Such are [1, 2], which in different ways 

lead to the same formula for the addition of velocities expressed through 0n , and 

estimates for the Wigner angle , coinciding up to a sign. It is in this article that a 

method of geometric construction of the eigenvectors found for 1 2L L  in [1 et seq.] 

is first proposed, so that in the basis of these eigenvectors the composition 
1 2

L L  is 

trivially described by the stretching of one of the light-like vectors 
0

c  or 
1

c , ac-

companied with the shortening of the second by the same factor. 

Methods and materials; results. Fig. 1 shows for a given   the remaining 

eigenvectors of 
1 2

L L , which are constructed by the GeoGebra tool using the varia-

ble point “A” for any observation angle. This allows anyone to solve the rather 

complex problem of operating  composition 
1 2

L L .  
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Fig. 1. The basis of vectors 0c , 
1c , 

2c  of a three-dimensional subspace  

orthogonal to the direction   of Wigner's rоtational axis 

 

The vertical z  axis with zero and one values marked is the time axis. The sur-

face of rotation around the time axis is the paraboloid: 
2 2 2

z x y  . The horizontal 

plane of unit time intersects the paraboloid at a unit circle. “A” is the point of the 

paraboloid that is above the horizontal plane. The vertical plane contains the time 

axis and the point “A”. “” is the point of intersection with the horizontal plane of 

the line segment connecting the origin of time with the point “A”. To obtain 
2

c , a 

perpendicular is dropped from point “A” onto the horizontal plane. The ends of the 

light-like vectors 0c   and 1c  are located on the unit circle and coincide with the 

ends of the chord drawn through the point “” orthogonally to the vertical plane. 

Conclusion. W.R. Hamilton invented quaternions to interpret real space-time, 

but their potential in this regard has not yet been exhausted. In STR, the apparatus 

of quaternions ensures the conciseness and clarity of calculations, the use of which 

is partly constrained by the fact that the teaching of quaternions is not provided for 

in the system of compulsory disciplines. If the existing problem of choosing the 

most suitable mathematics for describing space-time with a number of dimensions 

greater than 4 is solved in favor of quaternions and octonions, then it will be useful 

to correct this shortcoming. 
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