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AuHoTanust. J[is1 KoMmo3unuu gopeHiessix 0ycroB LiL, B eBknumoBom 4-mepHOM mpo-
CTPaHCTBE KBATEPHHOHOB aHAIMTUYECKU HAWJIEH TPHUILIET COOCTBEHHBIX BEKTOPOB Cg, Ci,
Cp, KOTOpBIE HMMEIOT EIWHUYHYIO TMPOEKIHI0 Ha OChb BPEMEHH U SBISIOTCS 0a3rcoM
3-MepHOTO MOAMPOCTPAHCTBA, OPTOrOHAILHOTO HAMIPABJIEHHUIO V OCH BpaileHus Burunepa V
Ha yroj . EnuHWYHBINA BEeKTOp 1y HampaeneHnuss pasHOCTH BEKTOPOB Ci—Co HE 3aBUCHUT
OT MOPSAJKA CIIOKEHUS CKOPOCTEW U CBSA3aH C HAMPABICHUEM 1l pe3yJIbTUPYIOLIEH CKOPOCTH

II0OBOPOTOM HA MOJOBHHHBIA yrom: N, =b-n EVLP n, roe b=1i,c08¢/2+ vsing/2,

—¢/2
a ].() — C¢IMHHIIA B aJIFe6pe KBAaTCPHHUOHOB. HpI/I 3TOM 06eCHeI‘H/IBaeTCH JIJAKOHUYHOCTH 6eC‘
KOOPAWMHATHBIX BBIKIIAJOK C CUMMCTPHU30BAHHBLIM IPCACTABIICHUCM KOMITO3UIIUHN 6YCTOB:

L,L=VL=V|_ L, V|

-0 /2 n—n, p—>¢p /2 °

KuaroueBbie cioBa: xomnosuiusi 0yctoB JlopeHiia, coOOCTBEHHbIE BEKTOpa, MOJOBUHHBIN
yroj Burnepa, eBKJIM10Ba F€OMETPUS, TEOMETPUYECKasi MHTEPHPETALIMS], KBATEPHUOHBI

Beenenune. Kommnosunus JIOpeHIEBBIX OYCTOB M CIOXKEHUE PEISITUBUCTCKUX CKO-
pocteil B GU3MKE SABIISIETCS KIACCUYECKOM TEMOM, KOTOpasi MpOoJI0JKAaeT paccMart-
pPUBATHCSI TUICSIOW COBPEMEHHUKOB, K YHCIy KOTOphIX mpuHamnekar A.A. Ungar,
J.F. Barrett, S.J. Sangwine, M.]. Visser, T.S. Berry, B.W. Puryc, I'.b. ManbikuH,
3.K. Cunaramze u np. Benen 3a «BekropHoit anredpoit» I'. KazaHoBbI Hauanu npu-
YMHOKAThCSl BEPCUU aIredpanyueckoro omnucanus npeodpazoBanuil JlopeHua
B IIPOCTPAHCTBAX C PA3JIUYHOM Pa3MEPHOCTBIO U reomerpuei. Ilpu aToM mmb He-
MHOTHEe padOThl paccMaTpPUBAIOT JIOPEHILIEBBI OYCThl B TEPMHUHAX OPUTMHAIBHBIX
KBaTepHUOHOB Y.P. ['aMuIbTOHA M UX €CTECTBEHHBIX 000OIIEHUN — OKTOHHOHOB,
a He nx Moandukanuit. TakoBbeiMu sBIsIOTCS [1, 2], KOTOpBIE pasnTHUHBIMU Ty TSIMU
IPUBOAAT K OJMHAKOBOMY OIMCAaHUIO CIOXKCHHA CKOPOCTEH IOCPEACTBOM 1, H

OlLleHKaM Ui yria Buraepa ¢, coBmajaroIuM ¢ TOYHOCTBIO 70 3HaKa. B maHHOM

paboTe BIEpPBBIE MPEIIATAETC COCO0 TEOMETPHIECKOTO TIOCTPOEHUS HANIEHHBIX
B [1 et seq.] cobcTBenHbIX BekTOPOB, B 6asmce koTopbix L, L, TpuBnasbHO omuchl-
BACTCs PACTSDKEHHEM OJIHOTO U3 CBETOMOJOOHBIX BEKTOPOB C, HJIM C; MPH CIKATUH
BO CTOJILKO K€ pa3 BTOPOIO.

MeToabl B MATEPUAJIBI; pe3yabTaThl. Puc. 1 nemMoHcTpupyeT npy 3a1aHHOM
Vv ocTaJbHbIe COOCTBeHHBIC BekTopa uist L, Ly, KoTOpbIe CTpOsTCs [0 IIepeMeHHOM

touke A B mo6om pakypce mporpammoii GeoGebra, 4to mo3BosseT pemuTh J10-
BOJIBHO CJIOKHYIO 33/1a4y JTF000MY JKEJIAfoIIeMy .
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Puc. 1. Ba3nc BEKTOPOB Cy €1, C; TPEXMEPHOrO NOANPOCTPAHCTBA,
OPTOroHaNbHOrO OCU V BUTFHEPOBCKOro BpalleHus vV

BepTI/IKaHBHaﬂ OCh Z C IIOMCYCHHBIMU HYJICBbBIM U €IMHUYHBIM 3HAYCHUSIMH —

ocb BpeMmeHH. [loBepXHOCTb BpalleHUsI BOKPYI OCH BPEMEHM — MapaboJIoun

2t =x* + yz. ['opuzoHTanbHas MIOCKOCTh €AMHUYHOIO BPEMEHHU IEPECEKAeT Ma-

pabosoua o eMMHUYHOMY Kpyry. A — Touka mapabosiou/ia, JiexKalas BbIIIe TOPHU-
30HTAJIBHON MJIOCKOCTH. BepTHKanbHas MIIOCKOCTh COJIEPKHUT OCh BPEMEHU U TOY-
Ky A. B — Touka TmepeceueHHs C TOPU3OHTAIBHOW IUIOCKOCTHIO OTPE3Ka,
COCIMHSIOLIEr0 HAaJaso OTc4YeTa BpeMeHH ¢ Toukoil A. st ocTpoeHus ¢, u3 Tod-

K A omycKaeTcs MEePIeHINKY/ISp Ha TOPU30HTAIBHYIO INIOCKOCTh. KOHIIBI cBETO-
NOJOOHBIX BEKTOPOB Cy M C; HAXOAATCS HA €IMHUYHOM KpPyre M COBHAJAIOT C

KOHIIAMH XOP/Ibl, TPOBEACHHONW dYepe3 TOYKy B OpTOroHanmbHO BEPTHUKAIBHOMN
IJIOCKOCTH.

3akaouenue. Y.P. aMunbToH m300pen KBATEPHUOHBI JJII WHTEPIPETAIAN
pEAIbHOTO MPOCTPAHCTBA-BPEMEHHU, HO MX MOTEHIMA 1noka He ucuepnad. B CTO
anmapar KBaTepPHHOHOB OOECIEYMBAET JIAKOHUYHOCTh M HATJISTHOCTH BBIKJIAOK,
[IPUMEHEHUE KOTOPBIX CAEPKUBAETCS OTYACTHU TE€M, YTO IIPEIOJaBaHUE KBATECPHU-
OHOB HE MPEAYCMOTPEHO B CUCTEME 00s3aTeNIbHBIX AUCIUILINH. Eciu akTyanbHas
coBpeMeHHasi mpobieMa BbIOOpa HanboJiee MOIXOIAIIeH MaTeMaTUKH sl OIKca-
HUsI IPOCTPAHCTBA-BPEMEHH C YHCIIOM M3MEPEHUI OONBIIMM 4-X PEIIUTCS B MOJIb-
3y KBAaTEpPHUOHOB M OKTOHMOHOB, TO yKa3aHHBIM HEJOCTATOK OYJET MOJIE3HO HC-
MIPaBUTh.
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Abstract. For the composition L;L, of Lorentz boosts L; and L, in the Euclidean 4-
dimensional quaternion space, a triple of eigenvectors c, ¢y, ¢, is analytically found, each
of which has a unit projection onto the time axis and represents a basis vector of a 3-
dimensional subspace orthogonal to the direction v of the Wigner rotation axis at an angle

¢. The unit vector n, of the direction of the vector difference ¢;-c, does not depend on the
commutation of the summed velocities and is connected with the direction n of the result-

ing wvelocity by a rotation of half an angle: n, =b-nzV|(Mp/2 n, where

b =i cose/2+ vsing/2, and iy is the unity in the quaternion algebra. This ensures the

conciseness of coordinate-free calculations with a symmetrized representation of the com-
position of boosts: L,L, =VL =V|  L|

n-n, |q)%q)/2 '

Keywords: composition of Lorentz boosts, eigenvectors, Wigner half angle, Euclidean
geometry, geometric interpretation, quaternions

Introduction. The composition of Lorentz boosts and the addition of relativistic
velocities in physics is a classical topic that continues to be considered by a galaxy
of contemporaries, including A.A. Ungar, J.F. Barrett, S.J. Sangwine, M.J. Visser,
T.S. Berry, V.I. Ritus, G.B. Malykin, Z.K. Silagadze and others. Following G.
Casanova's “El algebra vectorial”, versions of the algebraic description of Lorentz
transformations in spaces with different dimensions and geometries began to mul-
tiply. At the same time, only a minority of papers consider Lorentz boosts in terms
of W. R. Hamilton's original quaternions and their natural generalizations, the oc-
tonions, rather than their modifications. Such are [1, 2], which in different ways
lead to the same formula for the addition of velocities expressed through n;, and

estimates for the Wigner angle ¢, coinciding up to a sign. It is in this article that a
method of geometric construction of the eigenvectors found for L;L, in [1 et seq.]
is first proposed, so that in the basis of these eigenvectors the composition L, L, is
trivially described by the stretching of one of the light-like vectors c, or ¢ , ac-

companied with the shortening of the second by the same factor.

Methods and materials; results. Fig. 1 shows for a given v the remaining
eigenvectors of L,L,, which are constructed by the GeoGebra tool using the varia-
ble point “A” for any observation angle. This allows anyone to solve the rather
complex problem of operating a composition L, L, .
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Fig. 1. The basis of vectors C;, C;, C, of a three-dimensional subspace
orthogonal to the direction v of Wigner's rotational axis

The vertical z axis with zero and one values marked is the time axis. The sur-
face of rotation around the time axis is the paraboloid: z* = x* + y*. The horizontal

plane of unit time intersects the paraboloid at a unit circle. “A” is the point of the
paraboloid that is above the horizontal plane. The vertical plane contains the time
axis and the point “A”. “B” is the point of intersection with the horizontal plane of
the line segment connecting the origin of time with the point “A”. To obtain c,, a

perpendicular is dropped from point “A” onto the horizontal plane. The ends of the
light-like vectors c, and c; are located on the unit circle and coincide with the
ends of the chord drawn through the point “B” orthogonally to the vertical plane.

Conclusion. W.R. Hamilton invented quaternions to interpret real space-time,
but their potential in this regard has not yet been exhausted. In STR, the apparatus
of quaternions ensures the conciseness and clarity of calculations, the use of which
is partly constrained by the fact that the teaching of quaternions is not provided for
in the system of compulsory disciplines. If the existing problem of choosing the
most suitable mathematics for describing space-time with a number of dimensions
greater than 4 is solved in favor of quaternions and octonions, then it will be useful
to correct this shortcoming.
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