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Abstract. Investigating spacetimes with hidden symmetries is a promising approach to 

study “realistic” mathematical models enhances our understanding of gravitational phe-

nomena. In this work initiated by the assumption of existence of the canonical Killing ten-

sor forms we explore a new directive regarding the null tetrad transformations in extracting 

(algebraically) general Einstein solutions. Capitalizing on the (anti-)symmetric null tetrads 

concept a new Petrov type I solution emerges describing a cosmological model with a cur-

vature singularity in vacuum with cosmological constant . 
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Introduction. The acquiring of the exact solutions of Einstein’s equations relies 

strongly on mathematical assumptions such as symmetries, potentially leading to 

(algebraically)
1 

general solutions in the most favorable cases. The Einstein's Field 

Equations (EFE) is not a solvable system of equations without mathematical as-

sumptions regarding symmetries. Hence, our investigation focuses on the 

spacetimes with hidden symmetries enabled by the Canonical Killing Tensor 

Forms (CKTF) for two reasons 1) not only becasuse we scope to investigate the 

underlying role of hidden symmetry of geodesics of the most general type 2) but 

also to transform the over-determined system of equations to a solvable one adding 

the Integrability Conditions (IC) of Killing tensor. 

The work of Hauser-Malhiot [1] in electrovacuum with  served as a paradigm 

for us. Notably, the CKTF are generalizations of the Hauser-Malhiot's form. In our 

previous work we generalized the study of spacetimes admitting an irreducible Kill-

ing tensor by acquiring the CKTF [2] in line with the work of Churchill [3]. Among 

the solutions obtained, initiating by K2 and applying a general null tetrad trans-

formation we were able to find and characterize algebraically a new type D solution 

characterized by a non-geodesic, shear-free and diverging null congruence. 

————— 
1
 The use of this parenthesis indicates our intention to investigate the characteristics of a solution 

not only in terms of the possible reductions that may lead to special cases but also in terms of its alge-

braic characterization (Petrov types). 
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   =  +  +  +  +  +     +  

 +(  +    );   = 0 (1) (1) 

The idea to obtain (Algebraically) general solutions, implying a other trans-

formations, motivated us to entangle with this work where thankfully we extracted 

an (Algebraically) general solution and proposing a new directive to extract 

spacetimes admitting a known Killing tensor form. 

Methods and materials; results. Description of materials and methods, de-

scription of materials and methods, description of materials and methods, descrip-

tion of materials and methods, description of materials and methods, description of 

materials and methods [2, 4–6]. Description of materials and methods, description 

of materials and methods, description of materials and methods, description of ma-

terials and methods, description of materials and methods. Description of materials 

and methods, description of materials and methods, description of materials and 

methods, description of materials and methods, description of materials and meth-

ods, description of materials and methods, description of materials and methods, 

description of materials and methods, description of materials and methods [4, 5, 

7]. The analysis of the previous work [2] showed that a general null tetrad trans-

formation (null rotation, boost and spatial rotation) is not applicable since the Kill-

ing tensor is not conserved during the transformation. Then, in order to apply an 

applicable transformation we nullified 7 and took advantage of the remaining pa-

rameter of spatial rotation, namely t. 

  =  ;  = ;  = ;  = ;  =  +   (2) 

This move brought to surface the key relations which helped us to unfold the 

branches of solutions. 

 

 −  =  − 
 = 
 −  = 
 = 0

 (3) 

The Petrov type D solution is a cosmological model and a topological product 

of 2-spaces wit = 9. A special case of this solution (Carter's Case [D]) is 

discussed by us in [4]. In this work initiating again by the reduced K
2

 and em-

ploying its integrability conditions we solve the EFE assuming though the follow-

ing transformation 

  ↔ −; ↔ −  (4) 

This transformation preserves the Killing tensor form and correlates the spin co-

efficients between themselves providing significant simplifications. It should be 

noted that this transformation appertain to the symmetric null tetrads concept ini-

tially discussed by Debever [5] while pursuing the most general Petrov type D 

solution. 
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Along these lines, the resolution of Newman-Penrose Field equations and IC 

of K
2
 assuming the transformation (4) yields a new Petrov type I with ≠

9  describing a cosmological model with a non-geodesic, shear-free and diverg-

ing null congruence with its hidden symmetry in non-null geodesics enabled by 

K
2
 Canonical Killing tensor form. It should be noted that the Weyl component of 

the solution, where  =  + ;  =  + are constants of integration, has 

the form 

 2Ψ = 2Λ − 

󰇧 

󰆽 󰇣󰇡




󰇢󰇤󰇨
−

󰆽 󰇧 

󰆽 󰇣󰇡




󰇢󰇤󰇨

󰇣󰇡



󰇢
󰇤
 ;  

where x,y 0 then 2   presenting a curvature singularity.  

Conclusion. This work presents the outcomes of our investigation of 

spacetimes admitting the Canonical forms of Killing tensor. Applying two different 

kinds of null tetrad transformations we were able to derive two algebraically differ-

ent solutions (Types D, I) and propose new directive. This directive suggests that 

there is a preferability in null tetrads transformations based on the (anti-)symmetric 

null tetrads concept correlating the spin coefficients between themselves instead of 

boosts and spatial rotations. By using this directive we were able to extract a new 

Petrov type I solution with   _0 _4 9〖 〗_2 ^2where presenting a curvature 

singularity. 
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