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Аннотация.                
          -

 -  2.  

Ключевые слова:   - - ,   , 
, ,     , 

    Введение.  -        ( 

  )   (.,  [1]) 
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   
H

r          -

  ( ) 0.f r         S —  ,     A 

 
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Методы  и материалы; результаты.   -  
           -   .   (3+1)-   
 - [2]  
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    ,     -
  ( ) ( ) 0.

H H
  f r f r       -  ,   

            .    -

 .
H

M b r              ,  

  - [2],       -
    -–.  (4)  , 

   - [3]   ( )f  r ,  
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  g —   .  (5) ,    -

       —       
   .  

           0               Q, 
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   —   . 

,    Q M ,   - 

 .     -     N=2 -

     r    2 2
 .AdS S  , 

       ,   -

  . 

,             Q  -

      I   
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   (6) 

,          

 (3) ,        -
   Z 
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     exp( )Z I   .     -   

 (4)      [5].   (6) 

       [4]. 
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   [6], [7],         

   (2)      .  , , 

         H M PV  ,     P

  .  

  Заключение.          
,             -

 .          -

     -- .     

 --. 
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Abstract. We discuss the derivation of thermodynamic quantities for near-extremal black 

holes with a cosmological constant in any spacetime dimension greater than 2.  

Keywords: cosmological constant, AdS-Schwarzschild metric, entropy, temperature, ex-

tremal black hole, enthalpy 

Introduction. The metric of a radially symmetric black hole (a static solution of 

Einstein's equations) is given by 

 

2

2 2 2 2
 ( )d .

( )

dr
     ds f r t r d

f r
       (1) 

It is well known that the first law of thermodynamics of uncharged static black 

holes has the form 
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2

M S



    ,  (2) 

where  is the mass of black hole,  is the surface gravity
( )

4
H

f r

r r


 

 

. The 

radius of the event horizon is calculated as the largest root of the equation 

 ( ) 0.f r   S is the entropy, which is equal to a quarter of the area A of the event 

horizon 

 
2
.

4
H

A
S r      (3)  

 Methods and materials; results. Let us set the cosmological constant  to be 

negative. Then in (3+1)-dimensional space-time for the AdS-Schwarzschild metric [2] 

 

2

2

2
 ( ) 1

M r
f r

r b
        (4) 

in the system of units 1c G k    .Here 
2 3

b  


. 

A black hole is called extremal if it satisfies the following relations: 

 ( ) ( ) 0.
H H

  f r f r   From the definition it is clear that the temperature of an ex-

tremal black hole is zero. For the AdS-Schwarzschild extremal solution relation 

holds: .
H

M b r   If the mass is below this value, then the Hawking-Page phase 

transition occurs [2], when the black hole is unstable and decays into an Anti-de-

Sitter space. The metric (4) has a generalization called the AdS-Bardeen black hole 

[3] with a function equal to 

 

2 2

3 2

2 2 2

2
  ( ) 1 .

( )

Mr r
f r

b
r g

   



   (5) 

Here g is the charge of the magnetic monopole. The metric (5) is obtained if 

the action of some nonlinear electrodynamics is added to the Hilbert-Einstein ac-

tion with the cosmological constant. 

If a black hole c has an electric charge Q, then 

2

2

2
 ( ) 1

M Q
f r

r r
     . 

The first law of thermodynamics takes the form 

2
,M S Q




     

where  is the potential of a black hole. 
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The case where the charge is equal to the mass Q M  describes an extremal 

black hole. Such a black hole is a BPS-solution in N = 2 supergravity and for large 

r the metric describes the manifold
2 2
 .AdS S  Note that rotating black holes, 

which can also be extremal, are also actively studied. 

 The energy, entropy and potential of a black hole with charge Q can be found 

from the action I using the formulas 

 
1

, , .

Q Q

  I I I I
E S I

Q
 

              
                

                   

  (6) 

For example, for entropy this formula has an advantage over (3) in that it al-

lows one to calculate quantum corrections through the statistical sum Z  

  1 log .
d

S Z
d

 
  

 

 

In the classical limit  exp( )Z I   . For the Schwarzschild and AdS-

Schwarzschild solutions (4) the derivation of the entropy is given in [5]. The clas-

sical quantities (6) were calculated in any dimension in [4]. 

It was also noted [6], [7] that for complete analogy with the first law of ther-

modynamics in (2) the term with pressure is missing. It has been shown that if the 

mass of a black hole is replaced by enthalpy ,H M PV   then the pressure P is 

proportional to the cosmological constant. 

Conclusion. The paper discusses the thermodynamic properties of extreme 

and near-extreme black holes with a cosmological constant. There are remarkable 

analogies with the theory of phase transitions and the Van der Waals gas. The Bar-

deen-de Sitter black hole will also be discussed. 
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