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Abstract. We report an extended summary of the results presented in the (open access) 

article in Ref. [1]. The thermal states at the temperature of the cosmic microwave back-

ground (CMB) are analyzed and it is shown that the vacuum expectation value of the ener-

gy momentum tensor density of photon fields reproduces the energy density and pressure of 

the CMB. The computations are done in the framework of the Thermo Field Dynamics 

(TFD). Neutrinos and thermal states at the temperature of the neutrino cosmic background 

(CNB) are also considered. Consistency with the estimated lower bound of the sum of the 

active neutrino masses is verified. The fractal self-similar structure of the thermal radiation 

is also discussed and related to the coherent structure of the thermal vacuum. 
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Introduction. By following Ref. [1], we discuss the thermal vacuum condensate 

for scalar and fermion fields with reference to the temperatures of 2.72548 ± 

0.00057 K [2] characteristic of the cosmic microwave background (CMB) filling 

almost uniformly the observable universe and appearing as a radiation left over 

from an early stage in its expansion [3-6]. The anisotropies contained in the spatial 

variation in the spectral density are attributed to small thermal variations, presuma-

bly generated by quantum fluctuations of matter [1, 4, 5].  

The expectation value on the thermal vacuum of the energy momentum tensor 

density of photon fields is computed and the energy density and pressure of the 

CMB is obtained [1].  

Together with the CMB, there is indirect evidence of the existence of the cos-

mic neutrino background (CNB) which represents the universe’s background parti-

cle radiation composed of neutrinos (relic neutrinos) [7,8], whose estimated tem-

perature is roughly 1.95 K [6]. The study of the thermal vacuum condensate is 

extended also to the CNB case by computing the energy density of the neutrino 

thermal vacuum. The fractal self-similar structure of the thermal vacuum is finally 

discussed [9, 10]. The computations are carried on in the formal framework of the 

Thermo Field Dynamics [11, 12]. 

Methods and materials; results. A distinctive difference between quantum 

field theory (QFT) and quantum mechanics (QM) is that in QFT there are infinitely 

many “spaces of the system states” (unitarily inequivalent representations of the 

canonical (anti-)commutation rules (CCR or CAR)). The observables have differ-
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ent values in each of the representations; there are many “vacuum states” which 

differ among themselves by a different “condensate” density: each one of them 

thus describes a different dynamical regime for the system. QFT is therefore ade-

quate, contrarily to QM (the von Neumann theorem in QM), to describe different 

phases in which the system may live depending on physical boundary conditions 

and parameters, such as, for example, the temperature.  

In view of such remarks, the mathematical framework which is adequate to the 

problem we discuss is therefore QFT. We will use  =1 = c. 

In QFT at finite temperature, in the formalism of thermo-field dynamics (TFD) 

[11,12], the “thermal vacuum state” |0()> adopted for bosonic CMB (photon) 

modes is a two-mode time dependent generalized SU (1, 1) coherent state, conden-

sate of pairs of ak and bk quanta. Here  =  ( ), with  = 1/(kB T) and T is the tem-

perature, denotes the “Bogoliubov angle”, or phase, controlling the density of the 

condensate [1].  

The operator bk is an auxiliary boson mode, commuting with ak, necessary in 

order to compute thermal averages of the observable quantities. One then finds that 

the minimization of the free energy leads to the Bose-Einstein distribution function 

for ak. The expectation value of the operator number of ak computed in |0()> is 

indeed N(ak) = 1 /(exp(  k) – 1). 

At T = T, we obtain the observed black body spectrum of the CMB. The con-

clusion is that the cosmic microwave “background” is described by the coherent 

condensate vacuum |0()> with  ( ), for  = 1/(kB T).  

At thermal non-equilibrium, with temperature changing in time, T = T(t), the 

system evolves through unitarily inequivalent spaces (representations), since at dif-

ferent time t  t’, for T(t)  T(t’) (i. e.  0 in the infinite     ’), it is < 0(’) |0( )> 

volume limit V   . One finds that such a time evolution is controlled by the en-

tropy operator (the arrow of time). This describes the (nonunitary) Universe evolu-

tion through its ages.  

The off-diagonal terms of the energy momentum tensor T


,
 
for Maxwell, sca-

lar and Dirac fields, are found to be zero, i. e. T
ij
(x) = 0, for i  j. Therefore, the 

vacuum condensate is homogenous and isotropic and behaves as a perfect fluid. 

The energy density  and pressure p of the vacuum condensates, at a given 

time, are given by the (0, 0) and (j, j) components of the energy-momentum tensors 

on the vacuum |0( ,z)>, with z denoting the red shift of the universe (at the present 
it is z =0). In the photon fields case, computations lead [1] to the state equation of 

the radiation w(z) = p(z)/ (z) = 1/3. 
At the present CMB temperature, the thermal vacuum energy density is ob-

tained:  = 2×10
-51 

GeV
4
, coinciding with the energy density of the CMB [6].  

Negligible values of  are obtained for boson masses m >> 10
–3 

eV. Therefore, 

apart from the contribution given by hypothetical particles (axion-like particles), 

the thermal vacuum contribution of bosons to the universe energy is completely 

negligible with respect to .  
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In the fermion case, the thermal vacuum contribution to the vacuum energy 

density F (z) and to the pressure pF (z), for masses m  kB T, has the maximum 

value of F at T = T : it is F ~ 1.6 × 10
-51 

GeV
4
. The state equation is wF ~ 1/3.  

The vacuum condensate of more heavy fermions gives negligible contributions 

to the universe energy. Therefore, only the thermal vacuum condensate of sub-eV 

massive particles, like the neutrinos, is relevant. 

We consider then the expressions of F (z) and pF (z), with T = T = 1.95 K and 

the sum on the three neutrino fields with masses mi. For masses mi ~ 10
-4

 eV, the 

maximum value of the energy density is found [1]  ~ 10
-51 

GeV
4
, with state equa-

tion w ~ 1/3. 

If one assumes that    , and m,1 ~ 10
-3 

GeV represents the mass of the 

lighter neutrino, and m
2

12 = 8×10
-5 

GeV
2 

, m
2

23 = 2.7×10
-3 

GeV
2 

(the hierarchical 

neutrino model), we derive m = 6×10
-2 

GeV, which is in agreement with the es-

timated lower bound on the sum of the three neutrino masses. The neutrinos with 

masses m,2 and m,3 give negligible contributions to the energy density .  
Finally, the thermal vacuum |0()> has fractal self-similar structure. This es-

tablishes the link between the SU(1, 1) coherent states and fractal-like self-

similarity [1,9,10]. 

Our result:  

– the thermal condensate, which turns out to behave as a perfect fluid giving a 

contribution to the radiation of the universe, reproduces the behavior of CMB and 

CNB.  

– the vacuum condensate of the CMB and CNB is a coherent state and exhibits 

fractal self-similarity properties. 

Conclusion. The thermal vacuum structure at the temperature of the CMB has 

been studied in the framework of Thermo-Field Dynamics. The expectation value 

on the thermal vacuum of the energy momentum tensor density of photons agrees 

with the energy density and pressure of the CMB. The estimated lower bound of 

the sum of the active neutrino masses has been found to be consistent with thermal 

states at the CNB temperature. The thermal vacuum has fractal structure. For a 

more detailed discussion and the mathematical formalism see [1]. 

References  

 [1]  Capolupo A., Lambiase G., Vitiello G. Thermal Condensate Structure and Cosmological Ener-

gy Density of the Universe. Adv. High Energy Phys., 2016, pp. 1–6.  

 https://doi.org/10.1155/2016/3127597 

 [2]  Fixsen D.J. The temperature of the cosmic microwave background. The Astrophys. J., 2009, 

vol. 707 (2), p. 916–920. 

 [3]  Gawiser E., Silk J. The cosmic microwave background radiation. Phys. Report, 2000, vol. 333–

334 (4–6), p. 245–267. 

 [4]  Bennett C.L., Banday A.J., G´orski K.M. et al. Four-year COBE∗ DMR cosmic microwave 

background observations: maps and basic results. The Astrophys. J. Lett., 1996, vol. 464 (1), L1. 

 [5]  de Bernardis P., Ade P.A.R., Bock J.J. et al. A flat Universe from high-resolution maps of the 

cosmic microwave background radiation. Nature, 2000, vol. 404, p. 955–959. 



   XXIV Международная научная конференция «Физические интерпретации теории относительности»  347

 [6]  Weinberg S. Cosmology. Oxford, UK, Oxford University Press, 2008. 

 [7]  Bashinsky S., Seljak U. Signatures of relativistic neutrinos in CMB anisotropy and matter clus-

tering. Phys. Rev. D, 2004, vol. 69 (8), art. no. 083002. 

 [8]  Mangano G., Miele G., Pastor S. et al. Relic neutrino decoupling including flavour oscillations. 

Nucl. Phys. B, 2005, vol. 729 (1–2), p. 221–234. 

 [9]  Vitiello G. Fractals, coherent states and self-similarity induced noncommutative Geometry. 

Phys. Lett. A, 2012, vol. 376, pp. 2527–2532. 

 [10]  Vitiello G. On the Isomorphism between Dissipative Systems, Fractal Self-Similarity and Elec-

trodynamics. Toward an Integrated Vision of Nature. Systems, 2014, vol. 2, pp. 203–216. 

[11]  Takahashi Y., Umezawa H. Thermo field dynamics. Collective Phenomena, 1975, vol. 2,  

pp. 55–80. Reprinted in: Int. J. Mod. Phys. B, 1996, vol. 10, pp. 1755–1805. 

 [12]  Umezawa H. Advanced Field Theory: Micro, Macro, and Thermal Physics. AIP, New York, 

USA, 1993. 

 

  


